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Abstract. We identify a link between regular matroids and torus representations all of whose
isotropy groups have an odd number of components. Applying Seymour’s 1980 classification of
the former objects, we obtain a classification of the latter. In addition, we prove optimal upper
bounds for the cogirth of regular matroids up to rank 9, and we apply this to prove the existence
of fixed-point sets of circles with large dimension in a torus representation with this property up
to rank 9. Finally, we apply these results to prove new obstructions to the existence of Riemannian
metrics with positive sectional curvature and torus symmetry.
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Introduction

In [12], the authors computed the rational cohomology of closed, oriented, positively
curved Riemannian manifolds with T7 symmetry, under the additional assumption that the
odd Betti numbers vanish. In [15], Nienhaus proved that the symmetry assumption can be
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relaxed to T®. Here, we provide similar computations in the case where the topological
assumption on the Betti numbers is replaced by a geometric one on the torus action.

Theorem A. Let M" be a closed, oriented, positively curved Riemannian manifold.
Assume T acts effectively by isometries with a fixed point and the property that all
isotropy groups in a neighborhood of the fixed point have an odd number of components.

(1) If d =9, then M is a rational cohomology S™, CP™2, or HP™*.
(2) If d = 6, then M is a rational cohomology S™, CP"2, or HP™* up to degree n/3.

The conclusion in (2) means that up to degree n/3 the rational cohomology of M is
generated by one element x with deg(x) € {0, 2, 4}.

The condition on isotropy groups is automatic when all isotropy groups are connected,
and there are a few reasons to study the latter condition. First, it generalizes the notion of
free or semi-free circle actions, which are the best behaved geometrically.

Second, a reduction to the case of connected isotropy groups and an analysis of rep-
resentations with this property led to the breakthrough in [12]. We now know of at least
three proofs of the S! Splitting Theorem from that paper, and the first one passed through
this case. This paper extends this analysis.

Third, when an isotropy group is connected or more generally has an odd number
of components, the normal bundle of each of its fixed-point components has a complex
structure. This condition played an important role in Nienhaus” work [15].

Finally, we note that any torus action on a manifold naturally gives rise to an induced
action on a submanifold having only connected isotropy groups. The construction is as
follows. If we have a smooth manifold M" with an effective action of Td, then we can
always look at a maximal finite isotropy group F and pass to the fixed point compo-
nent N of F endowed with the action of T¢ /F 2 TZ. If moreover M has positive sectional
curvature and the action is isometric, then depending on the parity of 7, either T or a
codimension-1 subtorus has a fixed point in N, and Theorem A thus determines the ratio-
nal cohomology of N if d > 10.

The main technical work here is to continue the analysis of special torus represen-
tations in [12]. In that paper, the main new tool was a splitting theorem for torus rep-
resentations, and an important step in the proof was to reduce to the case where all the
isotropy groups of the representation are connected. Here we classify torus representations
with connected isotropy groups and, more generally, with the property that every isotropy
group has an odd number of components. This classification is accomplished by observing
that the matrix of weight vectors satisfies a condition on the determinants of submatrices
called total unimodularity. Up to equivalence, these matrices correspond to combinatorial
objects called regular matroids. In a celebrated paper [18], Seymour classified regular
matroids, so by retracing our steps we obtain a classification of torus representations all
of whose isotropy groups have an odd number of components (see Section 1).

To prove Theorem A, we then need a detailed analysis of the codimensions of the
fixed-point sets of circles inside a torus representation without finite isotropy groups of
even order. Using Seymour’s theorem, the most difficult case involves representations that
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arise from finite graphs as follows (see Section 1 for details): Given a finite graph with first
Betti number b, via cellular homology each edge e € E(G) gives rise to a homomorphism

e*: H(G;Z2) - Z,
which can viewed as the weight of an irreducible representation of the torus
TP ~ H,(G:R)/H\(G; Z).

Putting together the representations from each edge, we obtain what we call a cographic
representation. To account for multiplicities, we assign weights to the edges using a non-
negative function A : E(G) — R. The codimensions of fixed-point sets of circles in T¢
then correspond to lengths of cycles in the weighted graph (G, A1), so our problem turns
into proving upper bounds for the graph systole,

sys(G,A) = mgn/\(C)/)L(G),

where the minimum runs over cycles C in the graph G and where A(H) = >_ A(e) is the
sum of weights of edges in a subgraph H of G. Notice that sys(G, 1) equals the classical
girth of G divided by the number of edges in G when A is a constant function. Upper
bounds on sys(G, A) that depend only on the (first) Betti number b exist by a routine
compactness argument, and optimal upper bounds are known for b < 6. For our purposes,
we need the values for b < 9.

Theorem B (Theorem 2.1). For b <9, the systole of a finite, weighted graph (G, L) with
first Betti number b satisfies sys(G, A) < s(b), where s(b) is defined as follows:

b 1 2 3 4 5 6 1 8 9
sy 1 2/3 1/2 4/9 3/8 1/3 3/10 2/7 1/4

Moreover, these bounds are optimal.

Remark. Asymptotic estimates have been shown by Bollob4s and Szemerédi [2], and
one consequence is that the optimal bound s(b) satisfies s(b) < (4Inb)/b for all b > 2.
An estimate of this form is used by Sabourau [17] to answer a question of Gromov [8] on
the separating systole of a surface of large genus. Sabourau’s strategy is to embed a graph
in the surface, relate the genus of the surface to the Betti number of the graph, and apply
the Bollobds—Szemerédi bound to derive the existence of a short closed geodesic on the
surface. In contrast to this work, we embed graphs into surfaces to derive bounds on the
graph.

Returning to the general case of a torus representation all of whose isotropy groups
have an odd number of components, we use Theorem B together with an analysis of the
other cases in Seymour’s classification to prove the following:

Theorem C (Theorem 3.2). For a representation p : T — SO(V) with d < 9 and the
property that all isotropy groups have an odd number of components, the quantity

c¢(p) = min codim ys! /dim V
slcrd
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is bounded from above by c(d), defined as follows:

d 1 2 3 4 5 6 1 8 9
o(dy 1 2/3 1/2 4/9 2/5 1/3 3/10 2/7 1/4

Moreover, these bounds are optimal.

Remark. By the correspondence between torus representations as in Theorem C and
regular matroids, this theorem implies that the cogirth of a regular matroid of rank d < 9
is bounded above by c(d) (see Section 3.2 for a definition). Similar bounds were proved
already by Crenshaw and Oxley [5] for the wider class of binary matroids, but their bounds
are not sufficient for our geometric applications (see also [3]).

Theorem C is the main new ingredient required for the proof of Theorem A in the
case of a T?-action. For the case of a T®-action, a refinement of Theorem C is required
(see Theorem 3.14).

This paper is structured as follows. In Section 1, we give examples and state the clas-
sification of torus representations with connected isotropy groups. In Section 2, we prove
Theorem B. In Section 3, we introduce matroids, state Seymour’s theorem, explain how
to deduce the classification of torus representations with connected isotropy groups, and
then prove Theorem C. In Section 4, we review the Connectedness Lemma, related coho-
mological periodicity results, and Nienhaus’ computation of the rational cohomology of
fixed-point components of isometric T#-actions on positively curved manifolds. In Sec-
tion 5, we apply Theorem C to prove Theorem A.

1. Torus representations with connected isotropy groups

In this section, we describe how to build all torus representations with the property that
all isotropy groups are connected (see Theorem 1.4). The proof that this list is complete
requires a deep theorem of Seymour and is given in Section 3.

1.1. Graphic and cographic representations

Let G be a finite, connected, directed graph with vertex set V' of size d + 1 and edge set
E of size n. Fix any vertex vg € V. The long exact (co)homology sequences for the triple
(G, V, vg) reduce to short exact sequences as follows:

0— H°(V,v0;Z) — H (G, V;Z) — HY(G,v0;Z) — 0

and
8
0« H()(V, Vo, Z) <« H](G, V,Z) < Hl(G, Vo, Z) < 0
Now Hi(G, V;Z) is the free Z-module generated by the edges ¢ € E of G. More-
over, for H'(G,V;Z) = Hom(H,(G,V;Z),Z) we can pick the dual basis consisting of
elements e* fore € E.
For each edge e € E, we get two irreducible torus representations as follows.
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(1) The image (*(e*) € H(G, vo: Z) of the basis element e* € H'(G, V;Z) gives rise
to a linear map
t*(e*) : H1(G,vo:Z) — Z.

We may view this as a weight of an irreducible representation
oF 1 TP = Hi(G,vo:R)/H (G, vo: Z) — U(1).

(2) The image 6(e) € Ho(V, vo; Z) of the basis element e € H1(G, V;Z) gives rise to a
linear map
§(e) : HO(V,v9:Z) — Z.

We may view this as a weight of an irreducible representation
e : T4 = HO(V,v0;R)/H(V, v9: Z) — U(1).
The direct sum over all edges gives rise to the graphic representation

pc =P pe : T > Un)
ecE

of G and the cographic representation

P =Dr T = U
ecE

of G.Hered = |V | —1,n = |E|, and b is the first Betti number of the graph G.

Proposition 1.1. For a finite, connected, directed graph G with d + 1 vertices, n edges,
and Betti number b, the graphic representation pg : T¢ — U(n) and cographic represen-
tation pg; : T — U(n) have the property that all isotropy groups are connected.

In addition, if G is a simple graph, i.e. does not have loops or parallel edges, then
pG is a subrepresentation of pk,, , ,, where K11 is the complete graph on d + 1 vertices.
Moreover, pg; is graphic if and only if G is a planar graph, in which case pf; = pg*, where
G* is the planar dual of G.

Finally, these representations are dual in the following sense: a collection B C E
of d edges in G gives rise to d linearly independent weights of T2 if and only if the
complement B* = E \ B gives rise to b linearly independent weights of T.

Note, in particular, that d 4+ b = n by the duality property. This is consistent with the
formulas y(G) = (d + 1) —n and x(G) = 1 — b for the Euler characteristic. Proposition
1.1 follows by collecting known results for regular matroids and translating them into
the language of torus representations with connected isotropy groups (see Section 3).
Alternatively one can use basic algebraic topology to prove these properties. Therefore
the proof is omitted.

1.2. The sporadic representation

In the sense defined in the next section, there is exactly one indecomposable representa-
tion that is neither graphic nor cographic and that has the property that all isotropy groups
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are connected. It is the representation
PRy - T° — U(10)
defined by the weights
E={e |1 <i=<5)U{ej;—e +ef,|1=<i=<5}

where the e; denote the standard basis vectors of R and el-* : R® — R denote the elements
in the dual basis. Here we consider the indices modulo five.

Proposition 1.2. The sporadic representation pR,, has connected isotropy groups, is nei-
ther graphic nor cographic, and is self dual in the following sense: A subset B C E of
five weights is linearly independent if and only if the five weights of E \ B are linearly
independent.

As with Proposition 1.1, the properties claimed are known for the sporadic matroid
R, so we again omit the proof (see Section 3).

1.3. The classification

The class of representations with connected isotropy groups is closed under an opera-
tion called k-sums for k € {1, 2, 3}. We define this construction, and then we state the
classification.

Fori €{1,2},let p; : T% — U(n;) be a representation with connected isotropy groups.
Write T4 = V;/T; for some integral lattice I'; C V; =~ R% , and denote the subset of
weights of p; by S; € Hom(T;, Z).

The 1-sum is simply the product representation

p1 @1 p2 : T2 — U(ny + ny)
defined as the composition of the maps
Th+d2 & 74 % 79 5 U(ny) x U(na) € U(ng + n2),

where the middle map is given by (z1, z2) = (p1(21), p2(22)). Alternatively, we may
view T91+% = (V; @ V,)/(I'; @ I'») and describe the weights as those lying in the set

(Sl X 0) U (0 X Sz) - HOIIl(Fl, 7)) ® Hom(Fz, Z) =~ Hom(F1 @ Iy, Z)

The 2-sum depends on the choice of weights w; € S; fori € {1, 2}; the dependence is
suppressed in the notation. It is a representation

P1P2p2: Tditda—1 Uy +np —2)

obtained by first passing to the subrepresentation of p; é; p, obtained by removing the
weights (wy, 0) and (0, w;) and then by restricting to the subgroup

Td1+da—1 _ ker(pwlp;;),
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where p,,; is the subrepresentation of p; corresponding to the weight w;. Alternatively,
we can define the 2-sum by identifying T917%2~1 = /T where

I'= ker(w1 —U)z) =Vn (Fl ® Fz),
V=ker(w; @R —wr, @ R) C V] & V>,

with w; ® R being the natural extension of w;: ['; — Z to an R-linear map V; — R, and
by declaring the set of weights to be

S ={w.0)r | we S \{wi}} U{O.w)[r | w € 2\ {wa}}.

Finally, the 3-sum depends on the choice of W; ={w; j |1 < j <3} C §; fori € {1,2}
where the w; ; are non-zero and satisfy w;; + w;» + w;3 = 0 for i € {I,2}. Itis a
representation

p1 D3 p2: Td1+d2_2 — U(l’l] +n, — 6)

obtained by setting

3
V= )ker(w,; ®R —w;; ®R) SV @ V>,
j=1
3
I'= ﬂ ker(wy,j —wz,j) =V N (1 & I2),
j=1
and
S ={(w,0)|r |we S\ Wi} U{0,w)|r | w € S\ Wa}.

As with the 2-sum, this may be viewed as a subrepresentation of

3
Td1+d2—2 — ﬂ ker(pwl,jp;;j)-
j=1

Remark 1.3. (a) The above definition of 2-sum and 3-sum is consistent with the
corresponding definition for matroids in the literature. However, instead of taking the
representation in U(n; + np — 2) and U(n; + n, — 6), respectively, one could also just
work with the induced representation in U(n;, 4 n5). In practice, there is no big difference
because the weights of matroids and representations occur with multiplicities and thus the
above two potential definitions only distinguish themselves by the multiplicities of the six
weights involved.

(b) The 1-, 2-, and 3-sums of two graphic representations are again graphic. Similarly
the 1- and 2-sums of two cographic representations are cographic. For the 2-sum, one can
see this as follows. If we have two graphs G; and G, and a (directed) edge e¢; € G;, then
we define G as the graph obtained from the disjoint union Gy U G, by removing the
edge e; from G; and then connecting the two vertices in G to the corresponding vertices
in G, by a new edge. The cographic representation of G then corresponds to the alter-
native definition of the 2-sum from (a). The 2-sum pgl @ pgz is the subrepresentation
of the cographic representation associated to G obtained by contracting each of the two
additional edges.
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(c) In an important special case, the 3-sum of two cographic representations is
cographic as well: Suppose G, and G, are graphs and we have two 3-valent vertices
v; € G;. Assume that the three weights needed to define the 3-sum are given by the three
edges emanating from v; fori = 1,2. By assumption we also have an identification of the
three edges in G; with the corresponding ones in G,. One then obtains a graph G from
the disjoint union G; U G, by removing the vertex v; from G;, then adding a vertex to
each end of the three edges in G; and joining the vertices with the corresponding edges
in G,. The graph G then corresponds to the alternative definition of 3-sum from (a). The
graph G for the 3-sum can be obtained by contracting each of the six edges involved
inG toa point. Notice that the first Betti number of G is bounded above by the first
Betti number of G, which in turn is given by b1(G1) 4 b1(G2) — 2. If b1(G) < b1 (G),
then the corresponding representation of the 3-sum has a kernel of positive dimension.
In this case the representation corresponding to the 3-sum is just given as an ineffective
subrepresentation of the cographic representation of G.

Seymour’s theorem on regular matroids and the proof of Tutte’s theorem on regular
matroids then imply the following (see Section 3 and [16, proof of Theorem 6.6.3]).

Theorem 1.4 (Classification of torus representations with connected isotropy groups).
A torus representation p has the property that all isotropy groups are connected if and
only if p can be constructed from iterated 1-, 2-, and 3-sums of graphic, cographic, and
sporadic representations.

More generally, if p : T¢ — U(n) has the property that all isotropy groups have an odd
number of components, then p can be constructed from a representation p' : T — U(n)
with connected isotropy groups as follows:

(1) First pull back the weights of p’ along a finite covering T — T4 with an odd number
of sheets.

(2) Then multiply the weights with odd integers.

(3) Then push the weights forward along a finite covering T¢ — T¢ with an odd number
of sheets.

(4) Finally, divide the weights by odd integers. The weights obtained in this way are then
the weights of p.

We illustrate this classification by describing all T¢-representations with d < 5 and
with the property that all isotropy groups are connected. To do so, it suffices to enumerate
simple representations, which means T¢ -representations W with the following properties:

1 w™ =o.
(2) The multiplicity of every weight of W is 1.
(3) The isotropy groups of all points in W are connected.

Moreover, it suffices to enumerate maximal simple representations, where we say p < p
for two simple representations p and p of T¢ if the set of weights for p is a subset of the
set of weights of p. Given a list of maximal simple representations, all others are obtained
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by passing to subrepresentations, adding multiplicities, and adding copies of the trivial
representation.
There is a natural order-preserving map

si: R — Ry

with si|g, = idr,, where R denotes the set of isomorphism types of T4 -representations
with connected isotropy groups and Ry denotes the corresponding set of simple T¢-
representations. For a representation W € R, si(W) is the simple representation whose
weights are given by the non-trivial weights of W without repetitions.

Note that a simple graphic representation is always a subrepresentation of pg, | where
K441 is the complete graph on d + 1 vertices. This is because the graph corresponding
to a simple graphic representation is a simple graph, that is, does not have loops or
multiple edges. Therefore, there is a unique maximal graphic representation pk,, ., of T,

Next, we consider the cographic case, which is more involved. First we need a defini-
tion we will use later as well.

Definition 1.5. A splitting of a simple graph G at a vertex v is a new simple graph G4
obtained from partitioning the set of vertices adjacent to v into two subsets, A and B,
removing v and all edges incident to v, adding new vertices a and b, connecting a to
every vertex in A and b to every vertex in B, and finally adding a new edge e between
a and b.

Proposition 1.6. If pg, is both a cographic representation of Tb for some b > 1 and
a maximal simple representation, then one of the following holds:

(1) b = 1 and G consists of a single vertex and a single loop,
(2) b = 2 and G consists of two vertices that are connected by three edges, or

(3) b > 3 and G is a 3-valent, 3-connected graph of girth at least 3.

Recall that b is the Betti number of the graph G. Additionally, being 3-valent is also
called cubic and means that all vertices have degree 3. 3-connected implies that G remains
connected if any two edges are removed. Also the girth is the number of edges in a mini-
mal length cycle of G.

Proof. First, we claim si(pog;) = si(,ogl) for some 1-connected graph G;. If G is not con-
nected, we may connect two components with an edge e in such a way that the resulting
graph, G U e, has one fewer component than G. Since e is not part of any cycle, its
induced representation p; is trivial. Therefore si(pog) = si(og,,, ). Iterating this process
implies the claim.

Second, we claim si(pg;) = si(pgz) for some 2-connected graph G,. To see this, we
may assume G is 1-connected but has a bridge, that is, an edge e whose removal results
in a disconnected graph G \ e. Such an edge is not part of any simple cycle, so p; = 0.
In particular, if G/e is the graph obtained by contracting the edge e to a point, we have
si(pg) = si(,og/e) under the natural identification H{(G;Z) =~ H,(G/e;Z). Since G/e
has one fewer bridge, the claim follows by iterating this process.
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Third, we claim si(pg;) = si(pz‘;3) for some 3-connected graph G3. We may assume
G is 2-connected but contains a pair of edges, e; and e,, whose removal disconnects G.
Any simple cycle containing e; also contains e, and vice versa, therefore p;, = p; . It
follows that the quotient map G — G/e; obtained by contracting the edge e; to a point
induces an isomorphism si(pg, / el) = si(pg;). Once again we have reduced the number of
cutsets of a certain size, so arguing iteratively implies the claim.

Fourth, for b > 2, we claim si(og) = si(pa) for some 3-connected, cubic graph G..
We may assume G is 3-connected. Since b > 2, this implies that all vertices have degree
at least 3. Suppose some vertex v has degree k > 4. It is an elementary property of graphs
that there is a splitting G4+ of G at v that maintains 3-connectivity (see Definition 1.5
and Lemma 1.9). Under the identification H1(G;Z) =~ H1(G+/e+;Z), where e is the
new edge formed in the splitting, we see that si(pg;) < si(ngr). By maximality, equality
holds, and now iteration yields the claim.

To conclude the proof, we note that a 3-connected graph with Betti number » = 1 or
b = 2 is as claimed. For b > 3, the girth is at least 3 because the graph is 3-connected and
cubic, so the proof is complete. ]

These observations enable us to classify maximal simple representations p of T¢ for
d <5.

For d = 1, we have no decomposable or sporadic representations for rank reasons.
Moreover, if p is cographic, then Proposition 1.6 implies that we may assume p = pg
where G is the the graph with a single vertex and a single loop. It is then easy to see that
pg; is the graphic representation pg,.

For 2 < d < 4, we again have no sporadic representations. Moreover, by induction,
any decomposable representation is a k-sum of graphic representations, and it is known
that these are again graphic. As with cographic representations pg;, these are also graphic
unless G is non-planar. Since we may assume moreover that G is cubic, we find that either
pg; is graphic or G is the Kuratowski graph K3 3, which has Betti number b = 4.

For d = 5, the sporadic representation pg,, is one maximal simple representation. The
graphic representation pg, is another. The cographic case reduces to pg, for some cubic,
3-connected graph G with girth at least 3. Moreover, we may assume G is non-planar.
It follows that G is obtained from K3 3 by attaching an edge to a pair of distinct edges
in K3 3. By the symmetries of K3 3, only two graphs can arise in this way. One has girth 3
and the other has girth 4, and we denote them by Gs 3 and G5 4. (We give an alternative
description below.) Finally, we claim the decomposable case leads to nothing new. Indeed,
one of the summands has rank at most 3 and hence is both graphic and cographic, and the
other has rank at most 4 and hence is graphic or cographic. Using Remark 1.3 it then easy
to check that the resulting sum is graphic or cographic, respectively.

Example 1.7. For 1 < d < 5, a representation of T¢ with connected isotropy groups
is, up to precomposing with an automorphism of T¢, a subrepresentation of one of the
following:
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(1) The graphic representation pg,, -
(2) The cographic representation /o}"(&3 ford = 4.
(3) The cographic representation '025,3 ford = 5.
(4) The cographic representation ,OESA ford = 5.
(5) The sporadic representation pg,, -

Here, G5 3 is the graph obtained from the disjoint union of a K, 3 and a triangle Cs3
by choosing a one-to-one correspondence between the degree-2 vertices of K 3 and the
vertices of C3 and attaching corresponding vertices by an edge. In addition, Gs 4 is the
Mobius ladder on four rungs.

Remark 1.8. If we view the simple representations as real representations, then we can
disregard signs of weights and in the above situation the number of weights is %d d+1
in the case of pk, ,, nine for p}}sj, 12 for p25,3 and for p25,4’ and 10 in the case of
the sporadic representation. These upper bounds remain valid for the non-zero weights of
the representation Zg C T4, if we only require for the T¢-representation that all isotropy
groups have an odd number of components.

We close this section with a proof of an elementary result for 3-connected graphs. It
was used in Proposition 1.6 (see Definition 1.5).

Lemma 1.9. Let G be a finite, 3-connected graph. If v is a vertex of degree k > 4, then
there exists a 3-connected splitting Gy of G at v. In particular, G can be transformed
into a 3-connected, cubic graph by a sequence of splittings.

Proof. Label the edges at v by ey, ..., er and label the endpoint of e; not at v by v;
for 1 <i < k. Consider the splitting G for which the edges attached at one end of the
new edge ey are {eq, e} and those attached at the other end are {es, ..., e;}. Since G
is 3-connected, {e;, e2} is not a cutset of G, so there exists a path p; in G \ {e, ez}
connecting vy and v,. If p; passes through v, then the splitting G has the property that
the endpoints of e are connected by three disjoint paths. This property implies that e is
not a bridge, and moreover e is not part of a cutset of size 2. Since any other cutset with
two edges in G4 would be a cutset of G, there is no such cutset. Hence G is 3-connected
in this case.

Now suppose p; does not pass through v. We repeat this argument with a splitting
Gjr based on the partition {e3, e4} and {e;, e, €5, ..., e }. This gives us a path in G from
v3 to v4 that without loss of generality avoids v. By an extension of the same argument,
we may assume moreover that g avoids p. But now we look at the splitting G’} based on
the partition {e>, e3} and {ey, 4, ..., e} and note that the endpoints of the new edge e/,
are connected by three disjoint paths, namely, one given by e’} , one involving p, and one
involving g. As before, this implies that e’} is not part of any cutset of size at most 2 and
that G/ is 3-connected. [
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1.4. An optimization problem on fixed-point sets of circles

For our purposes, we use the classification of torus representations T — SO(V) with
connected isotropy groups to prove upper bounds on

¢(p) = min codim V' /dim V (1.1)
sl gTd

that depend only on the rank of the torus and are strictly less than 1. Such bounds do not
exist if one removes the assumption on finite isotropy, since generically a sequence of
representations p; : T4 — SO(V;) with dim V; — oo will satisfy codim Vis’1 >dimV; —
2(d — 1) for all circles and hence c(p;) — 1 asi — oo.

In Section 2, we prove Theorem C in the case of cographic representations. Let pg; :
TP — 17 be a cographic representation associated to a graph G with Betti number b and
with n edges. The irreducible subrepresentations are indexed by the edges e of G, and
they are allowed now to have multiplicities A(e). For an embedded circle S' C T2, we get
acycle

v= Y  ace€wH(G:Z) < H(G VL)
ecE(G)

for some a; € Z. The (complex) codimension of ys! C V is then

> Me)= ) Ae) = A(C).
e*(v)#0 ac#0
where the two sums are over edges e € E(G) satisfying ¢*(v) # 0 and a, # 0, respec-
tively, and where C C E(G) is a (simple) cycle in G consisting of edges e for which

ae # 0.

Minimizing over S! C T¢ results in minimizing over cycles C in G, and we find that

. codim V' . AC)
mmn — ———— = min .
sltctd  dimV c AG)

Since we seek upper bounds on this quantity, we furthermore consider the maximum over
edge weights A : E(G) — R, restricting without loss of generality to those with total
weight A(G) = 1. This implies

c(p) = mfxmcml(C),

where C runs over cycles of the graph G and where A runs over functions A: E(G) —R=°
with A(G) = 1. The right-hand side is called the systole of the graph G and is denoted
by sys(G).

In Section 3, we complete the proof of Theorem 3.2 assuming the result in the co-
graphic case. This is not difficult once we have established preliminaries about matroids
and stated Seymour’s classification theorem. Indeed, the decomposable case gives rise
to recursive bounds and follows by induction on the rank of the torus, the graphic case
reduces to one case (namely, when G is the complete graph), and the sporadic case simi-
larly is just one representation.
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2. Systole bounds for graphs of small Betti number

For a finite, connected graph G, we let

sys(G) = mfx mcln A(C)

be the systole of G, where the maximum runs over edge weight functions A : E(G) — R=°
with ) ¢ £(G) M) = 1 and where C runs over (simple) cycles C of G. The main result
is Theorem B from the introduction, rephrased slightly here for convenience:

Theorem 2.1 (Theorem B). For any b < 9, we have maxg sys(G) = s(b) where the
maximum is taken over finite graphs G with Betti number b and where s(b) is defined as
in the following table:

b 1 2 3 5 6 7 8
3

4 9
sh)y™1 1 15 2 225 26 33 35 4

Here 2.6 and 3.3 denote 8/3 and 10/3, respectively.

The proof occupies the rest of this section.

2.1. Reductions and recursive bounds

In this section, we assume the Betti number b of the graph G satisfies b > 2. The first step
is to reduce the problem to the case of trivalent, or cubic, graphs.

Lemma 2.2 (Reduction to 3-connected, cubic graphs). For any finite graph G with Betti
number b > 2, there exists a finite, 3-connected, cubic graph G, with Betti number b such
that sys(G) < sys(G¢). Moreover, G, has girth at least 2 for b = 2 and at least 3 for
b >3.

Proof. The proof follows a strategy similar to that for Proposition 1.6. The first step is
to show sys(G) < sys(Gy) for some 1-connected graph G;. If G is disconnected, we
may add an edge e connecting an edge in one component to either an edge in another
component or an isolated vertex. For any weight function A on £(G), we can extend it to
a weight function X on the resulting graph G U e by declaring )Nt(e) = 0. Since e is not
involved in any cycles,

sys(G, A) = sys(G U e,i) <sys(G Ue).

Maximizing over A and iterating, we conclude the claim.

Second, we claim sys(G) < sys(G») for some 2-connected graph G,. We may assume
G is connected but has an edge ¢ whose removal results in a disconnected graph G \ e.
Note that e is not part of any cycle. We may contract ¢ to obtain a graph G/e, and we
define a weight function A = (1 — A(e))~'A using the natural identification of E(G/e)
with E(G) \ {e}. Note also we may assume A(e) # 1, since otherwise there is a cycle of
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zero length in G, in which case the upper bound we prove below holds trivially. Hence
sys(G,2) < (1= A(e)) sys(G/e, 2) < sys(G]e).

Now maximizing over A and iterating as needed proves the claim.

Third, we claim sys(G) < sys(G3) for some 3-connected graph G3. We may assume
G is 2-connected, and we may assume there exists a pair of edges e; and e; such that G \
(e1 U ep) is disconnected. Note that any cycle passing through e; also passes through e;.
Contracting e; and replacing the value of A(e;) by A(e1) + A(ez) for any weight func-
tion A on E(G), we find that sys(G) < sys(G/e;). This process reduces the number of
pairs of edges whose removal disconnects the graph, so the claim holds by iteration.

Fourth, we claim sys(G) < sys(G,) for some cubic graph G.. We may assume G is
3-connected, and we may assume v is a vertex in G with degree k > 4. Moreover, we
may choose a 3-connected splitting G4+ of G at v (see Lemma 1.9). Let e+ denote the
new edge formed in the splitting. For any A : E(G) — RZ%, we can extend the definition
tody : E(Gy) — R=% by setting A4 (e1) = 0. This shows

sys(G, A) = sys(G4+,A4+) <sys(G4).

Taking the maximum over A yields sys(G) < sys(G). Note that Gt has the same Betti
number as G, and G4 has either a smaller maximum degree or a smaller number of
vertices with maximum degree. By iterating, the claim holds.

Finally, a 3-connected, cubic graph is easily seen to have girth at least 2 for » = 2 and
girth at least 3 for b > 3. [

By Lemma 2.2, it suffices for b > 2 to prove our systole bounds for 3-connected, cubic
graphs G. Our proof strategy will be by induction over the Betti number, and we implicitly
assume throughout this section that the theorem holds for all smaller Betti numbers. The
following two lemmas give strong recursive estimates on the systole as a function of the
Betti number. The first considers the case of small girth.

Lemma 2.3 (Small cycle estimate). Let G be a 3-connected graph with Betti number
b > 2. If G contains a cycle C of length g > 1, then
1 h -1
sys(G)™" > E +s(b—h)

forall 1 < h <min(g,b—1).

Proof. Fix a g-cycle C, and fix a weight function A. Let e be an edge in C with maximal
weight A(e). By considering the cycle C on the one hand and all cycles not containing
the edge e on the other, we get two estimates on the systole:

sys(G.4) = A(C) = gA(e).
sys(G.A) = (1= A(e)) sys(G \ e, A) < (1 —A(e))s(b — 1),
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where A’ = (1 — A(€)) "' A|g(G)\({e}» and where the last inequality follows by induction
because G \ e has the same number of components as G and hence has Betti number
b — 1. Combining these inequalities to eliminate A(e) implies

s(b—1)sys(G,A) + gsys(G,A) < gs(b—1).

Dividing by g, s(b — 1), and sys(G, A) and then maximizing over A implies the bound for
h=1.

Generalizing this idea, for any 1 < 7 < g, we may remove & of the edges in C with
the largest weights and consider only cycles that do not share an edge with these edges.
The only additional observation needed for this case is that G remains connected after
removing the / edges. Indeed, since G is 3-connected, any two vertices are connected by
three disjoint paths in G, so even removing the entire cycle C does not disconnect G. ®

This lemma is strongest when G has a cycle of small length (i.e., G has small girth).
The following lemma provides bounds in the complementary case.

Lemma 2.4 (Large girth estimates). Suppose G is a cubic graph with Betti number b

such that every cycle has length at least g. The following hold:
(1) If g >2and b > 3, then sys(G)~! > %s(b -2~ L
(2) If g > 3and b > 4, then sys(G)™' > 32=35(p — 3)~1.

(3) If g > 4andb > 6, then sys(G)~! > Hs(b -5

As the proof shows, this lemma has straightforward generalizations, but we do not
require them for the proof so we omit them for simplicity.

Proof of Lemma 2.4. Fix G as in the lemma, and fix a weight function A : E(G) — R=9.
To prove (1), fix a vertex v and let By (v) denote the vertex together with the edges incident
at v. Note that g > 2 implies that B (v) contains three distinct edges. Let A(B1(v)) denote
the sum of the weights on the three edges in B (v). By considering cycles in G that do
not contain v, we find that

sys(G,A) < (1 — A(B1(v))) sys(G \ B1(v)) < (1 — A(B1(v)))s(b —2),

where for the second inequality we have used the fact that G \ B;(v) has Betti number at
least b — 2. Summing over all vertices v, we have

b —2)sys(G, 1) < (2b — 4)s(h —2),

where we have used the fact that each edge appears in exactly two Bj(v). Maximizing
over A implies the first claim of the lemma.

To prove (2), we fix an edge e and consider G \ Bj(e), the graph obtained by remov-
ing e and all edges that touch e. Note that this results in removing five edges in all since
g > 3. Note that G \ Bj(e) has rank at least b — 3, so estimating as above gives

sys(G,A) < (1 —A(B1(e)))s(b —3).
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Summing over edges and using the fact that each edge appears in exactly five of the Bj (e),
we have
(36 — 3)sys(G,A) < (3b —8)s(b —3),

and the claim follows.

The proof of (3) is similar to (1), except that we remove subsets B (v) consisting of
v, the three edges and vertices adjacent to v, and the six edges adjacent to one of these
three vertices. Note that G \ B(v) has rank » — 5 and that each edge in G appears in
exactly six of the B;(v). The claim follows. [

2.2. Optimal systole estimates for b & {7, 9}

In this section, we prove Theorem 2.1 for » < 6 and for b = 8. In addition, we prove
5(10) < 1/4, which is sufficient to prove Theorem A if the T?-symmetry assumption is
strengthened to T!®-symmetry. To finish the proof, we need the values s(7) and s(9).
These are difficult computations that are postponed until the next two sections.

Fix a finite graph G with Betti number b. By Lemma 2.2, we may assume without
loss of generality that G is 3-connected and moreover cubic if » > 2 and with girth at
least 3 if b > 3. We use the fact that connected, cubic graphs with Betti number b have
2(b — 1) vertices and 3(b — 1) edges. This follows from the Handshaking Lemma and the
Euler characteristic formula |V| — |E| =1 —b.

For b = 1, there is only one such graph, a cycle with one vertex. Clearly sys(G) = 1
in this case, so

s(H)7t=1.

For b = 2, G has two vertices, three edges, and girth at least 2. Therefore G is uniquely
determined and is called the theta graph ®. Either computing explicitly or applying the
small cycle estimate with 7 = 1, we find s(G)_1 > 1.5. Moreover, equality holds for this
graph by taking all weights equal to 1/3. Hence

s2)7 =sys(®)7! = 1.5,

For b = 3, G has four vertices, six edges, and girth at least 3. Therefore G = Ky, the
complete graph on four vertices. Given an edge weight function A, we sum over all four
3-cycles to obtain sys(G, 1) < 1/2. Moreover, equality holds if all edges have weight 1/4,
)

s3)7! =sys(Ky) ! =2.

For b = 4, Lemma 2.4 (1) implies that sys(G)™' > $=15(2)~! = 9/4. Moreover,

equality holds for G = K33 by putting equal weights on each of the nine edges. The
smallest cycles have four edges and hence have weight 4/9. Hence

s(4)7! = sys(K33)"' =2.25.

For b = 5, Lemma 2.4 (1) implies that sys(G)™' > 2=1s(3)~! = 8/3. Moreover,
equality is attained if we consider a Mobius ladder Gs 4. Putting weights 1/16 on each
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edge on the side of the ladder and weights 2/16 on the rungs of the ladder, we find that
both the 4- and 5-cycles have length 6/16 = 3/8. It follows easily that

s(5) 7" = sys(Gsa)~' =2.6.

For b = 6, Lemma 2.4 (2) implies that sys(G)™! > 3=34(3)~! = 3. For equality,
we consider the Petersen graph P, which is the unique cubic graph on ten vertices with
girth 5. Putting equal weights on all 15 of its edges shows sys(P) > 5/15. This proves
that

s(6)7! =sys(P)"! = 3.

For b = 8, Lemma 2.4 (2) implies that sys(G)™! > g:g:gs(S)_l = 7/2. To prove

equality, we put equal weights on the 21 edges of the Heawood graph H, which is the

unique cubic graph on 14 vertices with girth 6. It follows that

s(8)7! =sys(H)™! =3.5.

For b = 10, we use the small cycle estimate with & = 2 if g = 3 to deduce that
5(10)7! > 2/3 4+ 5(8)"! > 4, and we use Lemma 2.4 (3) if g > 4 to conclude that
s(10)71 > %S(S)_l = 4. Together these imply

s(10)71 > 4.

As we will see, s(9)”! = 4. In addition s(h)~! is strictly increasing in b by the small
cycle lemma, so the estimate on s(10) is not sharp. On the other hand, Theorem A can
now be proved if one is willing to replace the T by a T'? in the assumption.

The value s(8) = 2/7 > 1/4 also shows that we cannot replace the T° by T® in The-
orem A. Indeed, our proof requires that a T?-action as in Theorem A has b large enough
so that s(b) < 1/4.

2.3. Optimal systole estimates for b =7

In this section we prove Theorem 2.1 in the case b = 7. The proof requires an additional
estimate.

Proposition 2.5. Let G be a connected graph with Betti number b. If G embeds into a
closed connected surface ¥ with Euler characteristic y(X), then

b—14+ x(2)
—

Remark 2.6. Note that a graph G is planar if and only if it embeds into the 2-sphere,
which has Euler characteristic 2, so this bound implies sys(G)™! > % for planar
graphs G. This is consistent with the fact that the cographic matroid M *[G] of a pla-
nar graph G is isomorphic to the graphic matroid M [G*] of the graph G* dual to G
obtained by interchanging the roles of vertices and faces in an embedding of G in R2.
Combining this with the estimate on the cogirth of graphic matroids given in Section 3,
we similarly obtain the bound b%l in the planar case.

sys(G)™! =
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Proof of Proposition 2.5. First note that we can assume that the complement of G in X
is a disjoint union of open discs, Ule D;, since otherwise we can do surgery on X to
embed G in a surface with higher Euler characteristic. Moreover, note that the boundaries
C; = dD; of the components of the complement are closed paths in G. Since each edge
e in G is contained in at most 2 of these boundaries, we have

k
Y MG =2) Ae) =2,

i=1 e

where the last sum is over the edges e in G. Hence A(C;) < 2/k for some i.

Now C; need not be a cycle. However by removing double points in C;, if necessary,
we get a cycle C with A(C) < 2/k. Hence sys(G) < 2/k, and the claim follows by
Euler’s formula since

x(E)=VI-|E|+k=1-b+k,

where |V|, |E|, and b are the number of vertices, the number of edges, and the Betti
number of G, respectively. ]

As most graphs with Betti number b = 7 embed into the real projective plane RPP2,
Proposition 2.5 covers most cases of the following lemma. Note that we do not assume
3-connectedness, since our proof of s(9)~! = 4 in the following section requires the more
detailed statement proved here.

Lemma 2.7 (Calculation of 5(7)). Let G be a cubic graph with Betti number 7. Then one
of the following two cases holds:

(1) sys(G)~! > 3.5.
(2) G is Fy3 or Fyg, respectively, sys(G)™" equals 3.375 or 3.3.

The graphs in the second statement coincide with the set of cubic graphs with Betti
number 7 that are connected and have girth 5. There are no such graphs of girth larger
than 5.

Proof of Lemma 2.7. First, if G is not connected, we argue as in the proof of the Small
Cycle Estimate. By restricting to cycles in one component H or its complement G \ H,
we get the estimates sys(G, A) < A(H) sys(H) and sys(G,A) < A(G \ H) sys(G \ H).
Since A(H) + A(G \ H) = 1, these estimates imply

sys(H)™' + sys(G \ H)™' < sys(G, 1)~ L.
Letting by = b(H) and b, = b(G \ H), we find by induction that
s(b1)1 4+ s(by)7 < sys(G, 1)L
Finally, since b1 + b, = b, we have

sys(G,A) = min(s(1)"! +5(6)"L,s2) L + 557", s@) +5(4)7) = 4.
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Second, if G is connected and embeds into real projective space RIP2, then Proposi-
tion 2.5 implies that sys(G)~! > 3.5.

We may assume that G is a connected, cubic graph that does not embed into RP?.
Note that the property of embeddability in RIP? is preserved under removing edges in the
graph. The full set of subgraph-minimal cubic graphs that are not embeddable in RIP?
has been classified and consists of six graphs (see [0, 13]). These graphs are the six cubic
graphs appearing in the list of 103 graphs (see [1,7] or [14, Appendix A]) that are similarly
not embeddable in RP? and minimally so with respect to passing to subgraphs and graph
minors. In the notation of [7], the six cubic graphs are

Es, Fi1, F12, F13, F14, Gy

Moreover, E4, has rank 8, so it cannot be a subgraph of G. The other graphs have rank 7
for the F; and 6 for G1. Therefore we have to check the cases G = F; and the graphs G
which can be constructed from G; by attaching an edge. We denote the last case by
G = G U e, since the inverse operation of removing an edge is attaching a new edge by
connecting its endpoints to the interiors of edges in G;.

Fig. 1. The graph G.

Case 1: G = G Ue. Note that G consists of two K3 3 subgraphs connected by three
edges, which we will label fi, f>, and f3 (see Figure 1). After relabeling, we may assume
that e is not attached to fj or to an edge adjacent to f7. In all but one case, there is a
planar embedding of G \ f, the graph of G with f; removed. In the remaining case, e is
connected to two opposite edges of a 4-cycle in one of the copies of K5 3. For this graph,
the graph G \ f5 is planar. Hence in any case, there exists an edge f; such that

6—1+ x(S? _
— =

sys(G)™! = sys(G\ fi)7! = 3.5.

This completes the proof in Case 1.

Case 2: G = Fy;. The graph Fj;, shown on the left of Figure 2, contains edges e; and
e3 such that Fy; \ (e; U ep) is disconnected. Removing ey gives rise to a planar graph
F11 \ e1, so Proposition 2.5 implies that

sys(Fll)_1 > sys(F11 \el)_1 > 3.5.

Case 3: G = Fjp. The graph Fj, is shown on the right of Figure 2. It has D4 x Z, sym-
metry generated by the horizontal reflection, the vertical reflection, and by a symmetry
determined by the properties that the top two vertices are fixed and the bottom two are
swapped.
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Fig. 2. The graphs F7; and Fi5.

Assume for a moment that the weights are constant along the orbits of the action by
D4 x Z,. Label the edge weights by A, u, and v. There are cycles C; (with vertices
1,2,3,4), Cy (with vertices 1,2, 5, 6,4), and Cz (with vertices 3, 4, 6, 8, 7, 9) with total
weights 4/, 2A + 2 + v, and 44 + 24, respectively. Since sys(Fp2) < A(C;) for all i,
we obtain the estimate

7sys(Fi2) < A(C1) + 4A(Ca) + 2A(C3) = 2(84 + 8y + 2v) = 2.

Hence sys(Fi2)~! > 3.5. In fact, if we take A = 1/28, u = 2/28, and v = 3/28, we find
that A(C) > 2/7 for all cycles C. Hence sys(Fj2)~ ! = 3.5.

Finally, we justify the assumption that the edge weights are constant along the orbits.
Indeed, we may sum not only over weights of C;, C,, and C3, but over the collection of
cycles obtained under the action of D4 x Z,. Summing the resulting weights gives rise to
estimates as above where A, i, and v are replaced by the average weight of the edges in
the respective orbits.

Case 4: G = Fi3. We start by analyzing the symmetry of Fj3. By inspection, we find that
Fy3 contains a 9-cycle whose vertices are precisely those that are part of four 5-cycles. We
call the remaining three vertices tripod vertices and we call their open unit balls fripods.
Drawing the 9-cycle as a circle and connecting the tripods, we find that F;3 may be drawn
as in Figure 3.

Fig. 3. A drawing of F13 showing the D9 symmetry. In this drawing the squared vertices with the
same labels have to be identified.
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As in the previous case, we can assume that the weights of edges in the same Dg-
orbit are equal. Hence there are only two different weights A and p with 94 + 9u = 1.
Moreover, there are cycles C; and C, with vertex set {1,2,3,4, A} and {4, 1,2, B, 5,4},
respectively, have total weight 24 + 3u and 4A + 2u, respectively. It follows that at least
one of the C; has weight less than or equal to 8/27. Hence, sys(F3)~! > 27/8 = 3.375.
Note that equality holds for p =2/27 and A = 1/27.

Al Bl

Fig. 4. A drawing of F14 showing the Dg symmetry. In this drawing the squared vertices with the
same labels have to be identified. Moreover, between the vertices Al and A2 there is an edge H
which is not drawn, and similarly there is an edge H’ between B1 and B2.

Case 5: G = F14. The graph Fi4 contains an 8-cycle C consisting of precisely those
vertices that are contained in exactly three 5-cycles. The other four vertices are parts of
four 5-cycles. The latter points come in pairs of vertices that are connected by edges,
which we call & and /’. Let H denote the open ball of radius 1 about the edge /4, and
likewise for H'. Note that H consists of those edges which are connected to the vertices
A1l and A2 in Figure 4, similarly H’ consists of those edges which are connected to B1
and B2. The other edges form a cycle C whose vertices are labeled with numbers.

The graph Fj4 has dihedral symmetry group Dg, corresponding to the symmetries
of the 8-cycle C. Note in addition that the subgroup D4 acts on F4 while preserving A
and /’. (To be clear, the D4 subgroup has an index-2 subgroup that also fixes the endpoints
of h and /', while the other elements in D4 swap the endpoints.)

As in the previous cases, we can assume that the weights are equal along an orbit of
the Dg-action on Fj4. Hence we may assume there are three different weights A, @, v
with 24 4+ 8u + 8v = 1. Moreover, there are cycles Cy, Co, and C3 on the vertex sets
{1,2,3,4,5,A1},{1,2,B1,6,5,Al},and {1,2,3, A2, Al}, respectively, with total weights
21 4+ 4v, 4 + 2v, and A + 2 + 2v, respectively. Summing these total weights shows
that at least one of the C; has total weight less than or equal to 3/10. Consequently,
sys(F14)~! = 10/3 = 3.3. Moreover, equality holds for A = 1/10and 4 = v =1/20. =

2.4. Optimal systole estimates for b = 9

In this section we complete the proof of Theorem 2.1. By Lemma 2.2, it suffices to show
that a 3-connected, cubic graph G with Betti number b = 9 satisfies sys(G)™! > 4.
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First, 3-connectedness implies G has girth at least 3. Moreover, if equality holds, then
we may apply the small cycle estimate with 7 = g = 3 to obtain

sys(G)™! > 1 4 s5(6) = 4.

Therefore we may assume that G has girth at least 4.

Second, suppose for a moment that G \ v is not isomorphic to Fj3 or Fy4 for any
vertex v. By G \ v, we mean the cubic graph obtained by removing v along with the three
edges incident to v and then suppressing the three degree-2 vertices. Lemma 2.7 implies
that sys(G \ v)™! > 3.5 for all vertices v. Combining this with the proof of the large girth
estimate (Lemma 2.4), we have

8
sys(G)™! > 7 minsys(G \ v)"! > 4.
v

Therefore we may assume that removing some vertex from G gives rise to a graph denoted
by G \ v which is isomorphic to Fy3 or Fi4.

Inverting this operation, and keeping in mind that G has girth at least 4, we see that G
is built from some F € {Fy3, F14}, together with a choice of three pairwise distinct edges
e; in F. Indeed, the e; are split into two edges, their midpoints v; are introduced as new
vertices, and the v; are connected to a new vertex vy.

As a first step, we prove sys(G)~! > 4 in cases where G has girth 4. This happens
precisely when two of the highlighted edges meet at a vertex. The proof uses the small
cycle lemma once more.

Lemma 2.8. If e, and e, share a vertex v, then sys(G)~™! > 4.

Proof. Let v denote the shared vertex of e; and e,, and let v; and v, denote the other two
vertices. For i € {1,2}, let e; denote the portion of ¢; in F containing v that becomes an
edge in G after attaching vy.

Case 1: There exists apathin G \ (e} U e}) from v to e3 of length at most 2. Fori € {1,2},
let C; denote the cycle made up of this path, e;, fi, f3, and one additional edge that
connects the path to the midpoint of e3. Note that the C; have length at most 6. Note
moreover that C; becomes a cycle of length at most 4 upon removing e} and f, from G,
and likewise for C, upon removing ¢} and fi. In particular, the G \ (e; U f;) have girth
at most 4, are not Fy3 or Fy4, and hence satisfy sys(G \ (e} U f;))~' > 3.5. Applying the
proof of the small cycle estimate to the 4-cycle consisting of e}, fi, €5, and f>, we have

sys(G)™! > %(1 +sys(G \ (ef U /1) +sys(G \ (¢4 U f2))7') > 4.

Case 2: Fori € {1,2}, there exists a path p; of length at most 2 connecting v; to e3. The
paths may intersect, but this does not affect the argument that follows. We again apply
the small cycle estimate to the 4-cycle C from Case 1. This time, note that there exists a
cycle containing f3, f1, and p; that has length at most 6 and becomes a cycle of length at
most 4 upon removing e} and f. There is similarly a cycle containing f3, f>, and p, that
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becomes a cycle of length at most 4 upon removing e}, and f;. Therefore sys(G)™! > 4
by the same argument as in Case 1.

If neither Case 1 nor Case 2 occurs, then e3; has distance at least 3 from one of the
edges, say, e;. In Fy3, there is no such pair of edges. In F4, there is a unique pair of edges
of distance 3, so G is realized by first attaching an edge f to e; and e3 to obtain a rank-8
graph H and then attaching an edge to f and e,. Note that H has girth 6 and hence is the
Heawood graph. Therefore the proof in this case follows from the next lemma. ]

Lemma 2.9. If G arises by attaching an edge e to the Heawood graph H, then sys(G)~!
> 4.

Proof. Let e; and e, be the two edges in H to which we attach e. By inspection of H,
the distance between e; and e, is at most 2. Therefore e; and e, lie in an arc p of length
at most 4.

It is a remarkable property of H that every path of length 4 can be moved by an
automorphism to any other such path [4]. In particular, up to automorphism, we may
assume that p lies on any given cycle.

Another good property of H is that it can be embedded in the torus 7°2. Fix a cycle C
in H that bounds a hexagon in 72 [10]. Using the 4-arc transitivity of H discussed in the
previous paragraph, we may assume that G arises by attaching e to the boundary of this
hexagon. Therefore G can also be embedded in T2, and

9—1+4 x(T?) _

y5(6) 7 =

4. u

The proof of Lemma 2.9 previews how the rest of the proof of sys(G)™! > 4 will go.
It involves multiple cases, so we outline the strategy now.

Fix F € {Fy3, F14}, and assume G is built from F by adding a vertex and attaching
that vertex to each of three pairwise distinct edges e;, e, and e3 in F'. By Lemmas 2.8
and 2.9, we may assume that these edges are vertex-disjoint. In particular, since F;3 and
Fy4 have girth 5, and since we are not introducing new cycles of length at most 4 in
building G, we have already finished the proof of sys(G)~! > 4 in the case where G has
girth at most 4.

To complete the proof, we list the ways in which G can be built according to
these rules. In every case, we prove the existence of an embedding into either the torus
or the Klein bottle. Since these surfaces have Euler characteristic zero, the estimate
sys(G)~! > 4 follows from Proposition 2.5.

We start with graphs built from Fi3.

Lemma 2.10. If G is a graph built from Fi3 as described above, then G admits an
embedding into the Klein bottle and hence satisfies sys(G)~! > 4.

Proof. Let eq, es, and e3 be pairwise vertex-disjoint edges of Fj3. Recall that G is
obtained by adding a vertex vy and by adding an edge from vy to the midpoint of e;
forl <i <3.
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First, suppose that the edges e, e, and e3 lie on one of the cycles Cg, Cg, or Cio
shown in Figures 5, 6, and 7, respectively. In this case, the figures show an embedding
of Fi3 into the Klein bottle with the property that the images of Cs, Cg, and Cjo bound a
disc. Hence this embedding of F;3 extends to an embedding of G.

43 |2

Fig. 5. An embedding of Fi3 into the Klein bottle with the property that the 8-cycle Cg shown has
an image bounding a disc.

Fig. 6. The figure shows an embedding of F73 into the Klein bottle such that the cycle Cé lies on
the boundary of a disc.

Fig. 7. An embedding of Fj3 into the Klein bottle with the property that the 10-cycle C19 shown
has an image bounding a disc.

Second, note that we may pre-compose these embeddings with symmetries of Fi3.
We claim that, for every triple {e;, 2, e3} of pairwise vertex-disjoint edges in Fj3, there
exists a symmetry of Fy3 that maps this triple into Cg, Cé, or Cqp.
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By the above remarks we only have to prove the claim. To arrange the cases, let C
denote the 9-cycle with vertex labels 1, ..., 9 in the above figures. For any pair of edges e
and ¢’ in Fy3, we denote by d¢ (e, ') the length of the shortest path in C that connects e
and ¢’. Note that dc¢ (e;, ej) > 1forall 1 <i < j < 3 since these edges are vertex-disjoint.

Case 1: ey, e;3,e3 ¢ C. There are three possibilities up to symmetries of Fj3, and in all
cases, there is a symmetry mapping this triple of edges into Cyg.

Case 2: e1,e5 € C and e3 € C. First, if dc(e1, e2) = 1 and e is an edge connecting e,
and e;, then there is a symmetry mapping e to the edge with vertices 5, 6 while at the same
time mapping e3 onto Cyg. Second, if d¢ (e, e2) = 2, then we can map a connecting path
of length 2 onto the path with vertex labels 6, 7 and 8 while at the same time mapping e
onto Cé or Cyp. Finally, if neither of these possibilities occurs, the fact that e; and e, are
vertex-disjoint implies that d¢ (eq, e2) = 4. There are three possible subgraphs {e1, e, e3}
in this case up to symmetry, and in each case we can map the subgraph into Cjy.

Case 3: ey € C and e, e3 € C. Assume without loss of generality that d¢(eq, e2) <
d(ey, e3). If dc(eq, e3) > 3, then there is a symmetry mapping e; to the edge adjacent
to 6 and C and the triple {e1, e5, e3} into Cg. Similarly, if dc (e1, e3) = 2, then there is
a symmetry mapping e; to the edge adjacent to 8 and B or to the edge adjacent to 1 and A
and the triple {e1, ez, e3} into Cy¢. Finally, if dc (e1, e3) = 1, then we can map ey, e5, e3
to C¢ by a symmetry of Fi3.

Case 4: e1,ep,e3 € C. We may assume that d¢ (eq, e2) < dc(ez,e3) < dc(e1,e3). Note
that the ordered pair of the first two of these distances is (1, 1), (1, 2), or (2, 2). In the first
two cases, there is a symmetry mapping the triple into Cg. In the last two cases, there is a
symmetry mapping the triple into Cjy. ]

With the calculation of sys(G) complete for graphs built from F;3, it suffices to con-
sider graphs built from Fy4. We do this now.

Lemma 2.11. If G is a graph built from F14 as described above, then G embeds into the
torus or the Klein bottle and hence satisfies sys(G)~! > 4.

Proof. The proof is similar to the case of Fj3. Let ey, e3, and e3 be edges of Fi4 that are
pairwise vertex-disjoint. Recall that G is obtained by adding a vertex vy and by adding an
edge from vg to the midpoint of ¢; for 1 <i < 3.

Suppose for a moment that all three of the edges lie on one of the cycles Cg, Co,
or Cyo shown in Figures 8, 9, or 10, respectively. The figures show an embedding of Fi4
into either the torus or the Klein bottle with the property that the image of Cg, Cg, or C1¢
bounds a disc. It follows that the embedding of Fj4 extends to an embedding of G, and
the proof is complete in this case.

To finish the proof, it suffices to work with the graph Fj4 and to prove that, for any
three pairwise vertex-disjoint edges in F4, there exists a symmetry of the graph mapping
these edges into one of the cycles Cg, Cy, or Cyy.
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Al Bl

Fig. 8. An embedding of F14 into the torus with the property that the image of the highlighted
8-cycle Cg bounds a disc.

Al B1

Fig. 9. An embedding of F14 into the Klein bottle with the property that the image of the highlighted
9-cycle Cg bounds a disc.

Al B1

Fig. 10. An embedding of Fj4 into the torus with the property that the image of the highlighted
10-cycle C19 bounds a disc.

We summarize the case-by-case analysis here. Denote by C the 8-cycle with vertex
labels 1, ..., 8, and denote by H and H’ the two connected components of Fi4 \ C.

Case 1: e1,e, € H. We may assume that e; and e, are adjacent to the vertices labeled 4
and 2, respectively. Using symmetry once more, there are six possibilities for e3. In two
cases, the three edges can be mapped into Cg, and in the other four cases, they can be
mapped into Cy.
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Case 2: ey € H and is vertex-disjoint from C. Since the edges are vertex-disjoint, neither
ey nor e3 is in H. Moreover, by Case 1, we may assume that e3 € C. Using symmetry, we
may assume e is on the cycle Co. There are seven possibilities for e; and e3. In all but
one, there is a symmetry mapping the three edges into Cy. In the remaining case, e € H’
and is vertex-disjoint from C, and we can map them into Cg. (Notice that, in the last case,
G is obtained by adding an edge to the Heawood graph, so there is also an embedding
into the torus by Lemma 2.9.)

Case 3: e; € H and e; € H'. By Case 2, we may assume that e; and e, share a vertex
with C, and by Case 1, we may assume that e3 € C. There are three cases, and we can
move each of them into Cg. (We can also use Ci for all three cases here.)

Case 4: e1,e5 € C. If ez is also in C, there are two possible graphs, and if e3 ¢ C, then
there are five possible graphs. In all seven cases, we can map the triple of edges into Cyg.

Since H and H' are the same up to symmetry, these four cases are exhaustive and the
proof is complete. u

3. Cogirth bounds for regular matroids of small rank

In this section we generalize the bounds in Theorem 2.1 for cographic representations to
all torus representations without finite isotropy groups of even order. To do so, we have to
introduce some notions from matroid theory. Let us recall the quantity which we want to
bound.

Definition 3.1. For a torus representation p : T¢ — SO(V') without finite isotropy groups
of even order, let . . sl ..
¢(p) = mincodim V> /dim V,
where the minimum runs over all circles S' C T , and let
c(d) = maxc(p),
where the maximum runs over all such representations.

Upper bounds on ¢(d) imply the existence of fixed-point sets with large dimension.
For example, our calculations in this section show that ¢(3) = 1/2. This implies that, for
any T3-representation on V' without even-order finite isotropy groups, there exists a circle
in T3 whose fixed-point set has codimension at most % dim V.

Theorem 3.2. If p: T4 — SO(V) is a torus representation without finite isotropy groups
of even order; then c(p) < c(d), where

d 1 2 3 4 5 6 7 8 9
cd) 1 2/3 1/2 4/9 2/5 1/3 3/10 2/7 1/4

Moreover, the upper bound of c¢(d) is optimal for all d < 9.
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Our proof of Theorem 3.2 uses a deep classification result of Seymour for regular
matroids and Theorem 2.1. In Sections 3.1 and 3.2, we introduce the definitions and
results on matroids that we use to prove Theorem 3.2 and recast the desired bound in
Theorem 3.2 in terms of an optimization problem for regular matroids. Given this setup,
we prove Theorem 3.2 in the sporadic, graphic, cographic, and decomposable cases of
Seymour’s theorem in Sections 3.3 and 3.4. Finally, in Section 3.5, we prove Theorem
3.14, which is a refinement of Theorem 3.2 for T®-representations that is required in the
proof of Theorem A.

3.1. Background on matroid theory and Seymour’s theorem

Finding upper bounds for the codimension of a fixed-point set of a subgroup of a torus in
a representation of that torus without finite isotropy groups of even order can be translated
to an optimization problem for regular matroids. In this and the next section, we describe
how this translation works. We start by recalling the basic definitions of matroid theory.
As a general reference for this subject we refer the reader to the book [16] and the survey
articles [19, 20].

We start with the definition of a matroid.

Definition 3.3. A matroid M is a pair (E,d) = (E(M), J(M)), where E is a finite set

and J is a family of subsets of E, such that

1) Bed,

2) ifl edand I’ C I,thenl’ €,

(3) if I; and I, are in J and |/1| < |12, then there exists an element e € [, \ I; such that
I U{e} e d.

The elements of J are called the independent subsets, and the subsets of E which are not

in 4 are called the dependent subsets.

The two basic examples of matroids are as follows (see [16, Chapter 1]).

Example 3.4. Let F be a field, V' an FF-vector space, and E a finite collection of vectors
in V. Denote by d the linearly independent subsets of E.

Then M[E] = (E, d) is called an F-regular or F-representable matroid. A matroid
which is F-regular for every field F is just called regular.

Example 3.5. Let G be a finite directed graph, E the set of edges of G, and
d ={F € P(E) | F is aforestin G}.

Then M [G] = (E, d) is called a graphic matroid.

Graphic matroids are F-representable for every field F. A representation can be con-
structed as follows: Let vy, ..., v, be the vertices of G and ey, ..., e, be the edges of G.
Then let f1,..., fm € F" be the vectors with entries
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1 if e; ends in vj,
fij =1 —1 ife startsinvj,
0 else,

if e; is not a loop and f; = O if ¢; is a loop. Then it can be shown that M[G] and
M| f1,..., fm] are isomorphic. Hence M [G] is regular.

Note that the matrix with columns fi, ..., f;, represents the boundary operator in
the cellular chain complex C«(G) of G (viewed as a CW-complex) with respect to the
standard basis.

There is the following characterization of regular matroids which goes back to Tutte
(see [16, Theorem 6.6.3]).

Theorem 3.6. A matroid is regular if and only if it is representable over Z, and Q.

As for sets of vectors, there is a rank function for the matroid M = (E, 4). It assigns
to a subset A C FE the cardinality of a maximal independent subset I/ C A. This cardinality
is independent of the choice of the maximal independent subset of A. In particular, the
maximal independent subsets of E all have the same cardinality. These subsets are called
bases of M . The rank of E, denoted rank E, is also denoted rank M .

Moreover, motivated by the situation of a representable matroid, the maximal sets
H C E withrank H = rank M — 1 are called hyperplanes of M. They will play a spe-
cial role in our optimization problem. Similarly, motivated by the situation of a graphic
matroid the minimal dependent subsets of a matroid are called circuits. For graphic
matroids these are just the (simple) cycles of the graph.

For every matroid, there is the notion of a dual matroid. It is defined as follows (see
[16, Chapter 2]):

Theorem and Definition 3.7. Let M be a matroid on a set £, and let B be the set of
bases of M. The set 8* = {E \ B | B € B} is a set of bases for a matroid on E. This
matroid is denoted by M * and is called the dual of M . In particular, the independent sets
in M * are the subsets of the form E \ A such that A D B for some B € B.

Duality is an important notion, and we state some properties we need later. First, by
definition, the dual of the dual is the original matroid.

Second, A C E is a hyperplane of M if and only if £ \ A C E is a circuit of M * (see
[16, Proposition 2.1.6]).

Third, the duals of F-representable matroids are [F-representable.

Fourth, the dual of a graphic matroid M [G] is not graphic in general. It is graphic if
and only if G is a planar graph, and in this case the matroid M [G] is called planar and
its dual is the graphic matroid of the dual graph of G. The duals of graphic matroids are
called cographic.

Using cellular cohomology, a representation over a field F for a cographic matroid
M*[G] can be constructed as follows. Let V = H'(G;F) = C'(G;F)/d*(C°(G;F))
Then we identify the edges of G with the images of the elements of the standard basis
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of C1(G:;F) in H'(G;T). Using the relation of M[G] to the boundary operator in the
cellular chain complex for G and the definition of the dual of a matroid, we see that this
identification leads to a representation of M *[G] in V. Note in particular that M *[G] has
rank equal to the first Betti number of the graph G.

There is a deep classification result for regular matroids due to Seymour [18]. To state
it, we have to define certain constructions of new matroids from old ones called k-sums
for k € {1,2,3}. Here we only describe these constructions for [F,-regular matroids. For
a general discussion see [16, 18, 19].

Let M; = (E;,d;), i = 1,2, be F,-representable matroids, say E; C V; for F,-vector
spaces V;.

(1) The 1-sum My &1 M, is given by M[E, U E,], where the E; are viewed as collec-
tions of vectors in V7 @ V5.

(2) Assume that | E;| > 2 and that there are non-zero elements v; € E; fori € {1,2}. The
2-sum My @, M, at the v; is defined as M[E'] where E’ is the image of E; U E5 \
{v1,v2} in (V1 @ V2)/(v1 — v2) (see [16, Proposition 7.1.20]).

(3) Assume that |E;| > 7 and that there are 2-dimensional subspaces W; C V; such
that W; \ {0} C E; for i € {1,2}, and fix an identification W; = F3. The 3-sum
M, ®3 M, is defined as M [E”], where E” is the image of (E1 U E») \ (Wy U W)
in (V1 @ V2)/W and where W is the diagonal F7 in Wy @ W, =~ F3 @& FZ (see
[16, Lemma 9.3.3]).

Note that the last two constructions depend on the choice of the v; and W; (and the
identifications of the latter), respectively. Note moreover that My & M, fork € {1,2,3}
is graphic (or cographic) if and only if M; and M, are graphic (or cographic, respec-
tively). However, it is not true that the dual of a 3-sum is the 3-sum of the duals of the
summands.

Now we can state Seymour’s theorem.

Theorem 3.8 (Seymour’s classification of regular matroids, [18]). Every regular matroid
is (at least) one of the following:

(1) a graphic matroid,

(2) a cographic matroid,

(3) the sporadic matroid Ry, or

(4) a (non-trivial) k-sum of regular matroids for some k € {1,2,3}.

Here the sporadic matroid R;¢ can be represented by the following matrix:

10000 - 1 0 0 1
01000 1 -1 1 0 0
Aro=]0 0100 0 1 -1 1 0
00010 0 0 1 —1 1
00001 1 0 0 1 -1
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Note in particular that regular matroids of rank 6 or larger are graphic, cographic,
or decomposable as a k-sum. On the other hand, it is not hard to see that all (simple)
regular matroids of rank at most 4 are graphic with one exception, the cographic matroid
M *[K3 3] associated to the Kuratowski graph K3 3 (see Example 1.7).

3.2. An optimization problem for matroids

Having introduced the necessary definitions and results from matroid theory, we can state
our optimization problem. We first do this for Q-representable matroids. Let

H =[h1,... hyyq] € 2@+

a matrix with d rows and d + n columns such that every invertible d X d submatrix H’
of H has odd determinant.
So for any d x d submatrix H’ of H we have

det H € {0} U 2Z + 1). 3.1)

Let moreover A = (A1,...,Autq) € [0, 11719 be such that

Define fz; : (Q4)* — [0, 1] by

faa)= Y Ai=1- > X (3.2)
(v,h;i)#0 (v,h;)=0
and define
c(H,\) = min  fg (V).
ve(Q9)*\{0}

Note that this minimum is zero for any choice of A if the columns of H do not span Q<.
Therefore, in the following, we assume that rank H = d. Note moreover that we can
define a similar optimization problem for matrices H with coefficients in any field and
weight vectors A as above.

We are interested in finding upper bounds c(d) for ¢(H, A) which only depend on
the dimension d. We can translate this optimization problem to the language of general
matroids. This goes as follows.

Let M be the matroid represented by H. By condition (3.1), a subset of columns of H
are linearly independent if and only if their reductions modulo 2 are linearly independent.
Therefore M is both QQ-representable and Z,-representable. By Theorem 3.6, it follows
that M is a regular matroid.

Next, A can be interpreted as a weight vector A € REM) or equivalently a probability
measure on E(M). We denote this measure also by A. Finding c(H, 1) is equivalent to
finding the minimum of

1—A(A) = A(E(M) \ A),
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where A runs through the hyperplanes of M, that is, maximal subsets A C E(M) with
rank A =rank M — 1 =d — 1.
We then define, for a regular matroid M, the invariant

¢c(M)=c(H) =supc(H,A) =supmin A(E(M) \ A),
A A A

where H is a matrix representing M and where the supremum is taken over all probability
measures A on E(M) and A runs through the hyperplanes of M.

As mentioned before, A € E(M) is a hyperplane of M if and only if E(M) \ Ais a
circuit of the dual matroid M *. Therefore we also have

c¢(M) = supmin A(C),
LA C

where the supremum is taken over all probability measures A on E(M) and C runs
through the circuits of M*. For this reason, the matroid invariant ¢(M) is called the
cogirth (see [5]).

We also note that the cogirth ¢(M) of a cographic matroid M = M *[G] associated
to a graph G equals the systole

sys(G) = supmin A(C)
A C

of the graph G, where the supremum runs over probability measures A on the set of edges
in G and the infimum runs over cycles C in the graph G. This is because the circuits of a
graphic matroid M [G] are precisely the cycles of the graph G.

Example 3.9. We are in particular interested in the following situation: Let p be a faith-
ful representation of T¢ on W without finite isotropy groups of even order. Let H be
the weight matrix of W, that is, the matrix whose columns are the weights of W. The
assumption on isotropy groups is equivalent to condition (3.1) on the determinants of
submatrices. In particular, H represents a regular matroid M (p). Finally, let

A; = dim W; /dim W,

where W; is the weight space of W corresponding to the i-th column of H. The A; may
be viewed as normalized multiplicities of the irreducible subrepresentations of p. Given
this setup, the geometric quantity

c¢(p) = min codim wS' /dim W
stcrd

from Definition 3.1 that we wish to bound is related to our optimization problem by
c(p) = c(H.}).

In particular, c(p) > 0 if and only if W is a faithful representation. Therefore, to prove
Theorem 3.2 on the codimensions of fixed-point sets of these special types of torus rep-
resentations, it suffices to replace p : T — SO(W) by an arbitrary regular matroid M of
rank d, and to prove that c(p) is bounded above by a constant C, it suffices to prove that
c¢(H) =sup, c(H,A) <C.
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Having translated the claim in Theorem 3.2 into the language of matroids, we are
ready to prove Theorem 3.2 in Sections 3.3 and 3.4. Finally, Section 3.5 contains the
proof of Theorem 3.14.

3.3. The graphic, cographic, and sporadic cases
In this section we prove Theorem 3.2 in the graphic and sporadic cases.

Proposition 3.10. For d > 1 we have
2
d) < ——.
s(d) =3 +1
Here cg(d) is defined as
cg(d) = sup{c(M[G]) | M[G] is a graphic matroid of rank d }.

This proposition is well known (see [5]). But for the sake of completeness we also
give a proof here which was communicated to us by James Oxley.

Proof. Let G be a connected graph with d + 1 vertices and edge set E. Then the circuits
of M*[G] are the minimal cutsets of G, i.e. the minimal sets A C E such that G \ 4 is
disconnected. If v is a vertex of G then the set B;(v) \ v of edges adjacent to v is a cutset
of G. Therefore for every probability measure A on £ we have

c(M[G],4) < A(B1(v) \ v).
Summing over all d + 1 vertices of G and maximizing over A now gives the result. ]

As already explained, the cocircuits of a cographic matroid M *[G] are the circuits of
M [G] and hence the cycles of the graph G. Moreover, the rank of the cographic matroid
M*[G] is the first Betti number of G (see Section 3.1). Therefore the optimal bound on
the cogirth of a weighted cographic matroid is equivalent to the systole bound for graphs
discussed in Theorem 2.1.

Proposition 3.11. For the sporadic matroid R1g we have c(Ry9) = 2/5.

Proof. Denote by ey, ..., es the standard basis of IF25 , by e}, ..., el the dual basis of
(F3)*, and by fi,..., fs the last five columns of Ag,,. Let A be a probability measure
on the set of columns of Ag,,. Then, fori € {1,...,5},

Jag,ga (el +eiiy) = Alei) + Aeirr) + A(fi-1) + A(fi42),

where we think of the indices as elements of Z/57Z. Therefore by averaging over i =
1,...,5 we get the upper bound. It is attained if all columns of Ag,, have the same
weight. ]

Since R is the only sporadic matroid in Seymour’s classification, the computation
of ¢(Rj9) is all we need to do for c(d) in the sporadic case. Hence Theorem 3.2 holds in
the sporadic case.
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3.4. The decomposable case

In this section, we prove Theorem 3.2 in rank d in the decomposable case of Seymour’s
theorem, under the assumptions that d < 9 and that Theorem 3.2 holds for ranks less
than d. The main step is the following (see [3] for the case when k = 1):

Proposition 3.12. For d > 4 we have

cae(d)™V = min{c(d) "V +c(dy) " |d —2=dy + dyand dy, dy > 1}.
Here

cde(d) = sup{c(M) | M is a decomposable regular matroid of rank d }.

Here by a decomposable matroid we mean a matroid M such that the following holds:
(1) Any two elements of E(M) are independent.

(2) M = M, & M, decomposes as a k-sum, k € {1,2,3}, such that M is not isomorphic
to My or M.

If in the definition of cq.(d) we restrict to graphic (or cographic) matroids, then we
can replace the c(d;) on the right-hand side of the above inequality by the corresponding
bound for graphic (or cographic, respectively) matroids.

Before proving this result, we explain how to conclude Theorem 3.2 in the decompos-
able case (assuming the theorem in smaller ranks).

First, if a decomposable matroid is also graphic, cographic, or sporadic, then Theo-
rem 3.2 holds by the proof in these cases. In particular, since all regular matroids of rank
at most 5 are one of these types, we may assume the rank is d > 6.

Second, we may assume inductively that Theorem 3.2 holds in ranks less than d.
Hence for d = 6, for example, Proposition 3.12 implies that

cae(6)™" = min(c(D)7' +e3) e @) 2+ 7).
Since ¢(1) = 1, ¢(2) = 2/3, and ¢(3) = 1/2 by the inductive hypothesis, we derive
Cde(6)_l > 3.

This is equivalent to the claimed bound for d = 6. The proof for d € {7, 8, 9} is similarly
straightforward in all cases with one exception.

From the above proposition, the only possibility that the bound for cq4.(d) does not
hold is the case that d = 7 and there is a rank-7 regular matroid M which decomposes
as a 3-sum of a rank-3 matroid and a rank-6 matroid but does not decompose as a 1- or
2-sum. Fortunately, we can avoid this case. Indeed, since M is not a 1-sum or 2-sum,
[16, Section 8.3] implies that M is 3-connected, which implies by [16, Corollary 13.4.6]
that one of the following holds:

e M is graphic,
e M is cographic,

e M decomposes as a 3-sum of two matroids of ranks at least 4.
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In all of these cases it follows from the above propositions that the bound c¢(7) given in
the table holds for M. Hence Theorem 3.2 in the decomposable case follows from the
result in smaller ranks together with Proposition 3.12.

We proceed to the proof of Proposition 3.12. We need the following lemma.

Lemma 3.13. Let M = M, & M, for F-regular matroids My and M, andk = 1,2, 3.

Then

(1) rank M <rank My +rank M, — k + 1,

(2) c(M)™' = c(M])™! + (M), where M] is a minor of M; with rank M} =
rank M; —k +1,i =1,2.

Proof. First assume that k = 1. We use the same notation as in the definition of the 1-sum.
The first claim is obvious from the definition of the 1-sum. Let A be a probability measure
on M. Then by considering vectors v € V;* € (V; @ V2)* in the sums (3.2) we find

c(M) < min(c(M)A(EL), c(M2)A(Ez))= min(c(M1)A(E1), c(M2)(1 — A(E1))).

The second claim now follows as in the proof of the Small Cycle Estimate (see also the
proof of Lemma 2.7).

Next assume k = 2. We use the same notation as in the definition of the 2-sum. The
first claim is obvious from the definition of the 2-sum. Let A be a probability measure
on M. Then by considering vectors v in one of the first two summands of the splitting

(Vi @ Va)/(vi —v2))* = (Vi/(v1))* @ (Va/(v2))* @ T3
in the sums (3.2) we find
¢(M) < min(c(MDA(E1 \ {v1}), c(Ma)A(E2 \ {v2}))
= min(c(M)A(E1 \ {v1}), c(M)(1 — A(E1 \ {v1}))).

Here M/ is the matroid with M/ = M[E]] where E is the image of E; \ {v;} in V; /(v;),
i = 1,2. The second claim now follows as in the previous case.

Last assume k = 3. We use the same notation as in the definition of the 3-sum. The
first claim is obvious from the definition of the 3-sum. Let A be a probability measure
on M. Then by considering vectors v in one of the first two summands of the splitting

(V1 @ Va)/ W)* = (Vi/ W1)* @ (Vo/ Wa)* & (F3)*
in the sums (3.2) we find

c(M) < min(c(M)A(EL \ W1), c(M3)A(E; \ W2))
= min(c(M{)A(E1 \ Wh), c(M3)(1 — A(Ey \ W1))).

Here M/ is the matroid with M/ = M[E]] where E] is the image of E; \ W; in V;/W;
fori = 1, 2. The second claim now follows as in the previous case. [
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From the above lemma we get
cae(d)”! Zmin{e(d) ™ +e(d2)7! [d —2=di +da. dr.dy 2 1),

The lower bounds for the d; follow because we can assume that rank M; > k fori € {1,2}
if a matroid M decomposes non-trivially as M = M; &y M- for some k € {1,2,3}. Here
by a non-trivial decomposition we mean a decomposition such that M is not isomorphic
to one of the M;, i = 1, 2. This follows from the fact that we can assume that any two
elements of E(M) are independent and from the lower bounds for | E(M;)| given in the
definitions of the k-sum, k = 1,2, 3.

It is easy to see that c(d) is a non-increasing function of d. Indeed, if M = M[E],
then £ C V is a regular matroid of rank d, where V' is a vector space and E a finite
multiset. Then for a non-zero element e of E we can look at M; = M|[E], where E is
the image of E in V/(e). Since the preimage of every hyperplane in M is a hyperplane
in M, we clearly have

c(M) =c(My) =c(d—1).

Maximizing over M gives c(d) < c(d — 1).

Therefore Proposition 3.12 follows from the above lemma. The claim about the
graphic and cographic matroids follows because minors of these are graphic and
cographic, respectively.

3.5. Choosing six involutions in T®

In this section we prove a refinement of Theorem 3.2 which is needed in the proof of
Theorem A.

Theorem 3.14. If W is an almost effective T®-representation with no even-order finite
isotropy groups, then there exist pairwise distinct, non-trivial involutions i1, . .., s € T®
whose fixed-point sets W'i satisfy k1 + - -+ + ke <2n, where k; is the codimension of Wi
in W and n is the dimension of W.

To prove this theorem we look at the regular weighted matroid M of W. By the almost
effectiveness of the action it has rank 6. We view it as represented in the 6-dimensional
vector space (Z$)* over Z.

Recall from Example 3.9 that an involution ¢ € T® has fixed-point component W* with
codimension satisfying codim W' < f; (v)n, where v = ¢ € Z§ and f; : Z$ — R is the

function
L= Y A= Y Ae).

(e,v)#0 ecE\vt

We claim we can find six cod1men51on 1 subspaces vJ- - (Z )* such that each e € E(M)
is in at most two E(M) \ v . Given this claim, it would follow that

Z codim W' = Z Z Ale)n = Z Z Ale)n,

i=1ecE(M)\vi-
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where the unlabeled sum is over i-values such that e € E(M) \ viJ-. Since A(e) does not
depend on i and since there are at most 2 i-values in this sum, the right-hand side is at
most ), 2A(e)n = 2n.

To prove the claim, we need to look at all regular matroids of rank d < 6. In the
following let M be a regular matroid of rank d represented over Z, in a d-dimensional
vector space V. Note that since we are working over Z,, the representation of M in V' is
unique up to automorphisms of V.

The first lemma considers the cases of M being graphic, cographic, or sporadic.

Lemma 3.15. If M is graphic of rank d > 2, then there are d + 1 pairwise distinct
codimension-1 vector subspaces of V such that each element of E(M) is contained in at
least d — 1 of the subspaces.

Similarly, if M is a cographic matroid of rank d < 6 or the sporadic matroid of rank
d =5, then there are d such subspaces such that every element of E(M) is contained in
at least d — 2 of them.

Proof. The sporadic case follows from an inspection of the arguments in the proof of
Proposition 3.11.

So assume that M = M[G] is graphic with a connected graph G on d + 1 vertices
V1,...,V4+1. Then we may assume that V' = ker ¢ with

d+1 d+1 d+1
€: @szi — 7, Zaivi = Zai.
i=1 i=1 i=1
Moreover, we may assume that each edge of G is represented in V' by the sum of its initial
and terminal vertices.
If d > 2, then the d + 1 codimension-1 subspaces kere Nkere;, j =1,....d + 1,

with
d+1 d+1

GJZ@ZZU,'—)ZL ZaiviHaj,
i=1 i=1
are pairwise distinct and have the desired property.

Next we may assume M is cographic of rank d < 6, and let G denote the graph such
that M =~ M*[G]. It suffices to find d pairwise distinct (simple) cycles of G such that
each edge of G is contained in at most two of them.

Suppose first that G does not embed into the real projective plane RIP2. By the argu-
ments in Section 2.3, G must contain the graph G; from Figure 1 as a subgraph. Hence
the six 4-cycles in the subgraph consisting of two disjoint copies of K» 3 in G; have the
desired properties.

Assume now that G does embed in RPP2. We can assume that RP? \ G is a union
of discs. Therefore RIP? has a structure as a CW-complex with one-skeleton G. We
look at the induced cellular chain complex Cx(RP?; Q). Since b; (RP?; Q) = 0 and
b1(G; Q) = d, there are d boundaries of discs which form a basis of H;(G; Q). After
removing double points we can assume that these boundaries are simple cycles in G.
Therefore the claim follows. u
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Lemma 3.15 already proves Theorem 3.14 in the graphic, cographic, and sporadic
cases. By Seymour’s classification, the only other possibility for M is that it decomposes
as a k-sum for some k € {1, 2, 3}. Before finishing the proof, we first need a recursive
statement for k-sums.

Lemma 3.16. Let M =~ My & M, decompose as a k-sum withk € {1,2,3}, and assume
that k is minimal. Assume that M; has rank d; and is represented over Z, in V; with
dim V; = d;, and assume there exist n; codimension-1 vector subspaces of V; such that
each element of E(M;) is contained in at least n; — 2 of them.

Fork € {2,3}, M has rank d = dy + dy — k + 1 and is represented over Z, in a
d-dimensional quotient space V of V1 @ Vs, and there exist n1 + ny — k pairwise distinct
codimension-1 vector subspaces of V such that every element of E(M) is contained in all
but at most 2 of them. Similarly, the statement holds for k = 1 withny + n, — k replaced
byni + ns.

Notice that the conclusion for k € {2, 3} gives one fewer codimension-1 subspace
than required to prove our claim, but we will overcome this issue thanks to the extra
codimension-1 subspace obtained in the graphic case in Lemma 3.15.

Proof of Lemma 3.16 for k € {1,2}. Let M; and V; be as in the lemma. Choose linear
forms f; : V7 — Z, for 1 <i < n; whose kernels are the n; codimension-1 subspaces
of V] as in the assumption, and similarly choose g; : Vo — Z, for 1 < j < n,.

If k =1, then V = V; & V>, and the result follows easily by using the linear forms
(fi»0) for 1 <i <njand (0, g;j) for 1 < j < n,. Note that every e € E(M) is of the
form (e, 0) or (0, €), so e is in the kernel of at least n; 4+ n, — 2 of these linear forms, as
required.

Next, assume k = 2, and let vy € E(M;) and v, € E(M;) be the elements such that
V is the quotient of V7 @ V5 by the subspace spanned by (v1, v2). Applying the condition
on the f; and g;, we may relabel these linear forms so that

o fi(vy)=0forl <i <mn;—2,
. gj(vl) =0forl <j <np,—2.

Let # be the collection of functionals on V; @ V5 given by (f;,0) or (0, g;) for 1 <
i <np—2orl < j <np—2,respectively. Our task is to find two additional functionals
such that, when added to ¥, we get a collection of n; + n, — 2 functionals on V; & V>

that descend to V' and have the property that every e € E(M) lies in the kernel of at least
ny1 + n, — 4 of them. This involves three cases.

Case I: fn,—1(v1) = 0and f,, (v1) = 0. We add the functionals ( f,,-1,0) and (f4,,0)
to ¥ . These functionals clearly descend to functionals on V', since for example ( f;, 0)
evaluated on (v, 0) — (0, v2) gives (f;j(v1), 0) — (0,0) = (0, 0). In addition, given
e € E(M), we evaluate these functionals on e by lifting to a preimage ¢ € V; & V5,
which is of the form (€1, 0) or (0, &) for some ¢; € E(M;) \ {v;}. In the first case, the
element is in the kernel of at least ny — 2 of the n; functionals of the form ( f;, 0) and is
in the kernel of all n, — 2 functionals of the form (0, g;). In the second case, the element
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(0, ;) is in the kernel of all n; functionals of the form ( f;, 0) and at least n, — 4 of the
n, — 2 functionals of the form (0, g;). (The worst case here looks like g;(é2) = 1 and
g2(é2) = 1, in which case é; is in the kernel of g3, ..., gn,—2.) In either case, it follows
that e lies in at least ny + n, — 4 kernels, as required.

Case 2: fn,—1(v1) = 0 and f,,(v1) = 1. By the previous case, we may assume that
8n,(v2) = 1. In this case, we add the functionals ( f;,—1.0) and (f»,, gn,) to ¥ and
argue similarly. Indeed, note in particular, that the latter functional is well defined since
it maps (v1,0) — (0, v2) to f, (V1) — gn,(v2) = 1 — 1 = 0. In addition, it is easy to find
ny + ny — 4 kernels containing e € E(M) if e lifts to an element of the form (€1, 0), or
if it lifts to an element of the form (0, é,) such that g5, (é2) = 0. In the remaining case,
note that the lift (0, &;) with g,,(é2) = 1 is in the kernel of all n; — 1 functionals of the
form ( f;,0) as well as at least n, — 3 of the n, — 2 functionals of the form (0, g;).

Case 3: fn,—1(v1) =1 and f,,(v1) = 1. By the previous cases, we may assume
8ny—1(v2) = 1 and g, (v2) = 1. Adding the functionals (f,,—1. gn,—1) and (fu,, &n,)
to ¥ and arguing as in the previous case, the claim follows once again.

After possibly permuting the labels of f,,_; and f,,, one of these cases occurs, so
the proof is complete. ]

Proof of Lemma 3.16 for k = 3. Letk = 3, and let M; and W; C E(M;) C V; with W; =~
Z5 \ {0} be as in the lemma. Choose linear forms f; : Vi — Z, for 1 <i < n; whose
kernels are the n; codimension-1 subspaces of V; as in the assumption, and similarly
choose g; : Vo — Zy for 1 < j < nj,.

Consider the restrictions of the f; to Wj. Since W consists of three non-zero vectors
that sum to zero, and since f; vanishes on each v € W; for at least ny — 2 values of i, we
find that f;|w, = O for at least n; — 3 values of i. After relabeling and arguing similarly
with the g;, we may assume

o fu=-=fp, =00n W,
® gy =- =gy, =00nW,.

Moreover, these arguments imply that either f3|w, = 0 or that the linear forms { f; |w, }3_,
are pairwise distinct and hence equal the set of non-zero elements in the dual space of Wj.
Similar comments hold for the restrictions of g1, g2, g3 to W5, and we use this frequently.
Set ¥ = {(fi,0)};L, U{(0, g;)};Z,. Our task is to find three additional linear func-
tionals on V7 @ V5 such that, together with those in ¥ we get n; + n, — 3 linear func-
tionals on V; @ V, that descend to maps on the quotient space V' and have the property
that every e € E(M) lies in at least n; 4+ n, — 5 of their kernels. We do this in cases.

Case 1: g3 # 0 on Wy, and the non-zero restrictions f;|w, are pairwise distinct. To ¥,
we add for each 1 < i < 3 the functional (f;,0) if f;|w, = 0 or the functional ( f;, g;,)
otherwise, where j; € {1,2, 3} is the index such that f;|w, = gj;|w,, and where we
have fixed an identification W; = Z3 \ {0} = W,. Note that j; exists by the rigidity
discussed above and that the j; are pairwise distinct. Notice that these functionals vanish
on the diagonal subspace by which we take the quotient to get V', so we get well defined
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functionals on V. Note moreover that, for e € E(M) that lift to an element of the form
(€,0), e is contained in ny — 2 of the kernels of the form ( f;, *) and all n, — 3 kernels of
the form (0, g;), for a total of ny + n, — 5, as desired. Similarly lifts of the form (0, €)
lie in all (n; — 3) + z of the kernels of functionals of the form ( f;, 0) and additionally in
np — z — 2 of the kernels of the other functionals, again for a total of n; + np — 5.

Case 2: gz # 0 on W, and after relabeling fi = f» when restricted to Wi. Note in
this case that f3 = 0 on Wj. This time, the three functionals we add to & are (f3, 0),
(f2, 82 + g3), and (f1, g1), where we have relabeled the g; for j € {1, 2, 3} so that
Silw, = g1lw,. One can again check that these are well defined and the condition on the
number of kernels containing each e € E(M).

Case 3: g3 = 0 on W,. By the previous cases, we may assume that f3 = 0 on Wj. The
first two functionals we add to ¥ are ( f3, 0) and (0, g3), and we need to add one more.
If f, = 0 on Wy, then we add (f2,0). If f1 = f, on W; and g; = g, on W), then we
add (i + f», g1 + g2). If neither of these occurs, then we may assume that g1, g», and
g1 + g2 are non-zero on W,. Since moreover we may assume f, 7 0, it follows that
J2lw, = glw, for some g € {g1, 82,81 + g2}. In this case, we add (f2, g) to ¥ . In each
case, one can again easily check the conditions of well definedness and the number of
kernels. ]

The proof of Theorem 3.14 is now completed by the following.

Corollary 3.17. Let M be a regular matroid of rank 6 represented in a 6-dimensional
vector space V over Z». Then there are six pairwise distinct codimension-1 subspaces of
V such that each element of E(M) is contained in at least four of them.

Proof. We may assume that M is simple, i.e. all subsets of E(M) of cardinality 2 or less
are independent. Moreover, we may assume that M is neither graphic nor cographic, since
otherwise Lemma 3.15 implies the claim. By Seymour’s theorem, M is decomposable as
ak-sum M; & M, for some k € {1,2,3}, and we can assume d; = rank M; > k since the
sum is non-trivial. We also assume that the sum & is minimal with the above properties.
Since k is minimal, we have 6 = d; 4+ d, — k + 1, and therefore d; <5fori € {1,2}. Hence
the M; are graphic, cographic, or have simplifications isomorphic to the sporadic matroid.

If k = 1, then the claim follows directly from Lemmas 3.15 and 3.16. Hence assume
k=2,3.

If M; is graphic, we may choose n; = d; + 1 codimension-1 subspaces of V; and
n, = d, codimension-1 subspaces for V5, as in Lemma 3.15. By Lemma 3.16, the vec-
tor space V representing M has six pairwise distinct codimension-1 subspaces such that
every e € E(M) is contained in at least four of them.

We may assume that neither My nor M, is graphic. In particular, both ranks d; > 4.
Since these ranks satisfy 6 = d = d; +d, —k + 1, we find that dy = d, = 4 and k = 3.
In particular, neither M; is the rank-5 sporadic matroid. In fact, all rank-4 matroids are
graphic or cographic, so we find that both M; and M, are cographic. Since M and M,
are both non-graphic, we may assume that M; = M*[G;],i = 1,2, where fori = 1,2,
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G; is some subdivision of K3 3. In this case, there is essentially only one way to perform
the 3-sum and M; &) M, is also cographic (see Remark 1.3 (c)) and the result follows as
above. ]

4. Geometric preliminaries

This section reviews and refines the results we need for the proof of Theorem A. Sec-
tion 4.1 contains the statements of the Connectedness and Periodicity Lemmas of the
third author, the Four-Periodicity Theorem of the first author, and the b3 lemma from [12].
Together with the S!-splitting theorem and a lemma to rule out the case of rational type
S? x HP* for p € {2,3} in [12], these results imply that a fixed-point component F/
of an isometric T°-action is a rational cohomology S, CPP, or HP. In fact, Nienhaus [15]
proved that this also holds for T#-actions. He does this with an improvement of the Four-
Periodicity Theorem, and we state these results as well, as they are used throughout the
paper.

Section 4.2 defines periodicity up to a fixed degree and contains proofs of statements
that relate to moving periodicity down to, or up from, submanifolds. These are required
for the proof of Theorem A.

4.1. Connectedness lemma and periodicity

We start with preliminaries. For simplicity, all cohomology groups are taken with rational
coefficients.

Theorem 4.1 (Connectedness Lemma, [21]). Let M" be a closed, positively curved Rie-
mannian manifold.

(1) If N~k € M™ is a fixed-point component of an isometric circle action on M™, then
the inclusion is (n — 2k + 2)-connected.

Q) If Nln_k1 and Nzn_k2 are two such submanifolds, and if k1 < k», then the inclusion
N1 N Ny C Nyis (n—ky — kp)-connected.

Theorem 4.2 (Periodicity Lemma, [21]). If N*™% € M™ is an (n — k — [)-connected
inclusion of closed, orientable manifolds, then there exists e € H*(M) such that the map
H' (M) — H'*k (M) given by multiplication by x is surjective forl <i <n —1—k and
injective forl <i <n—1—k.

The periodicity in Theorem 4.2 may be viewed as starting in degree / and going up to
degree n —I.

Remark 4.3. When the codimension k in Theorem 4.1 (1) is 2, then Theorem 4.2 applies
with [ = 0. If additionally M" is oriented, then it follows from the 2-periodic cohomology
together with the finiteness of w1 (M) that M has the rational cohomology ring of S”
or CP"/2, Although we do not require it here, Grove and Searle [9, Theorem 1.2] proved
the stronger result that M" is diffeomorphic to S”, (CIP’"/Z, RP", or a lens space.
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Throughout this article, we will encounter periodicity starting in degree 0 and ending
at some point. We make the following definition:

Definition 4.4. A manifold M is k-periodic in degrees from b to c if there exists x in
H*(M) with 2k < ¢ — b such that the multiplication maps H' (M) — H'T*(M) by x
are surjective for b < i < ¢ —k and injective forb <i <c¢ —k.

If b = 0, we say M has k-periodic cohomology up to degree c, and if additionally
¢ = dim M, then we say that M has k-periodic cohomology.

In the special case where k € {1,2,4}, H'(M) = 0,and H! (M) =0for0 <i < k,
we say that M is a cohomology S, CP, or HP from degree b to degree c.

We note that M is a rational sphere up to degree ¢ if and only if M is rationally
(¢ — 1)-connected.

The passage from positive curvature to periodicity is via the Connectedness and Period-
icity Lemmas. The next step from periodicity to rational cohomology spheres and projec-
tive spaces requires multiple additional tools. The first, in the simply connected case, is the
Four-Periodicity Theorem of the first author, together with an improvement that removes
the simply connected assumption and relaxes the codimension assumption in the case
where the normal bundle to the submanifold admits a complex structure due to Nienhaus.

Theorem 4.5 (Four-Periodicity Theorem, [11,15]). Let N n—k C M" be an (n — k)-con-
nected inclusion of closed, orientable manifolds.

(1) If k < n/3, then M has 4-periodic rational cohomology.

(2) If k < n/2 and if the normal bundle to N admits a complex structure, then M has
4-periodic rational cohomology.

Note that one gets such highly connected inclusions from the Connectedness and
Periodicity Lemmas in the presence of transversely intersecting submanifolds of small
codimension. If one can arrange these submanifolds to be fixed-point components of
circles, then one can moreover get by with the weaker assumption in (2).

For dimensions n # 2 mod 4, 4-periodicity together with Poincaré duality and the
assumption H (M) = 0 are sufficient to conclude that M is a rational cohomology S”,
CP"2, HP"*, or S3 x HP® /4 In the dimensions n = 2 mod 4, one has the model
spaces S", cp/ 2 and S? x HP "2/ 4 as well as manifolds with non-vanishing third
Betti number. These examples are ruled out by the b3 lemma of [12]. As for the remaining
exotic examples of S? x HP "=/ with p € {2,3}, these are ruled out in [12] for fixed-
point components of isometric T>-actions. Nienhaus proved the same conclusion but using
only a T#-action (see [15]):

Theorem 4.6. If F/ is a fixed-point component of an effective isometric T*-action on a
connected, closed, orientable, positively curved Riemannian manifold M", then F fisa
rational cohomology S, CP/72 or HP//4.

In the remainder of this section, we provide useful tools for pushing down periodicity
to, and pulling it up from, submanifolds.
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4.2. Pushing and pulling periodicity
We start with pushing down, which follows for purely topological reasons.

Theorem 4.7 (Bredon). If M is a smooth, closed, orientable manifold with singly gener-
ated, g-periodic rational cohomology, then for any fixed-point component F of a smooth
circle action on M, F also has singly generated, g'-periodic cohomology for some g’ < g
with g’ = g mod 2.

For example, the fixed-point components of a circle action on a rational cohomology
HP" are rational cohomology CP/ and HP/ for some f <n.

Note, in addition, that positive curvature might imply that the inclusion F € M is
highly connected by the Connectedness Lemma. If, in particular, the connectedness is at
least g, then H'(N;:Q) = H/(M:Q) =0for 0 <i < g, and so g’ = g in Bredon’s
theorem.

Now we move to the issue of pulling up periodicity. In applications, Theorem 4.6
will give rise to a submanifold that is a rational cohomology S, CPP, or HP. The Con-
nectedness Lemma will also give us highly connected inclusions of F' and possibly other
submanifolds into M. The following lemmas are used frequently.

Lemma 4.8. Let N C M" be a c-connected inclusion of closed, orientable manifolds
for some integer c. If 0 < k < ¢, then N has k-periodic cohomology up to c if and only
if M has k-periodic rational cohomology up to c.

Proof. We consider the restriction map H* (M) — H'(N), which is an isomorphism for
i < ¢ and which is an injective for i = ¢. Let ¥ € H¥(M) be a generator that maps to
a generator x € HX(N). By the naturality of cup products, the composition of the map
H'=% (M) — H*(M) given by multiplication by ¥ followed by restriction is the same as
restriction followed by the map H'“¥(N) — H*(N) given by multiplication by x. For
i < c, the restriction map is an isomorphism in degree i — k and at least an injection in
degree i, so multiplication by X is injective if and only if multiplication by x is injective.
Similar remarks hold for the surjectivity statements, so the conclusion follows. ]

By Poincaré duality, one can recover the whole cohomology ring from roughly the
first half. The precise statements we use in this paper are as follows.

Lemma 4.9. Assume M" is a closed, oriented manifold.

(1) If M" is a rational cohomology S, CP, or HP up to [(n + g)/2], where g is 1, 2,
or 4, respectively, then g divides n and M is a rational S™, (C]P’”/z, or HP™4,
(2) If N is arational S, CP, or HP and has dimension dim N > (n + g)/2, where g is

1, 2, or 4, respectively, and if there is an [(n — 1)/2]-connected inclusion N € M",
then M is a rational S, CP, or HP.

We remark that (2) is used in [21, proof of Lemma 6.2], but we prove it here for
completeness.
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We also note that the assumption in (2) implies that M is a rational S, CPP, or HP
up to degree [(n — 1)/2] by Lemma 4.8, so (2) is an improvement of (1) in the situation
where periodicity up to ¢ comes from a c-connected inclusion of a submanifold. We also
note that the dimension assumption on N in (2) is required since, for example, there is an
8-connected inclusion S® — CalP?.

We also remark that there is no similar improvement of (1) for [(m — 1)/27-connected
inclusions N™ € M where this time M is a rational S, CPP, or HPP. Indeed, one can
homotope the composition of the projection CP™ x S — CP™ and the inclusion
CP™ < CP! for all sufficiently large / to obtain a 2m-connected inclusion of the 4m-
manifold C P x S2 into CP! for all sufficiently large /. Similar examples exist where
the ambient space is S’ or HP’.

Proof of Lemma 4.9. The proof of (1) uses Poincaré duality. In the case of the sphere, the
assumption implies that H*(M") = 0fori < [(n + 1)/2] — 1 = [(n — 1)/2]. Hence all
Betti numbers vanish, and M is a rational sphere.

For the case of CIP, we note that n is even since otherwise 2-periodicity up to degree
(n 4+ 3)/2 and Poincaré duality imply

n— n—

= (M) = H'F (M) = H"Z (M)

H

The degrees of the first and last of these groups differ by 1, so we have a contradiction to
the assumption on the topology of M. Assuming then that n is even, the periodicity goes
up to degree n/2 + 1 and hence the powers of a generator x € H?(M) are non-zero in
degree n/2 if n = 0 mod 4 and in degree (n + 2)/2 if n = 2 mod 4. In either case, this
is sufficient to conclude that the top cohomology group is generated by x"/2 by Poincaré
duality. Moreover, the Betti numbers match those of C P by assumption and by Poincaré
duality, so M is a rational cohomology CP in this case.

The case of HP is similar to the CP case. If n = 1, 7 mod 8, then the isomorphisms

H'5 M)y = H"5 (M) = H"Z (M)

lead to a contradiction to the assumed topology of M. Similar contradictions are reached
if n = 2 mod 4 using the isomorphisms

H' P 4(M)~H"

(M) = H"Z (M),

I

and if n = 3,5 mod 8 using the isomorphisms

n+3

H 1 _4(M) n+3

H"Z (M) =~ H"Z (M).

Il

For n = 0 mod 4, the argument proceeds as in the CP case, noting that the periodicity
up to ¢ > (n + 4)/2 is crucial when n = 4 mod 8 to see that a power of a generator of
H*(M) generates H"+9/2(M).

To prove (2), fix an element x € H& (N) that induces g-periodicity. Let x € H8 (M)
denote its preimage under the map induced by inclusion. Consider the map

H'=8(M) - H’ (M)
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induced by multiplication by x. For g < j < [(n + g)/2], this map is injective since the
corresponding map
H’78(N) — H’(N)

given by multiplication by x is injective in these degrees by the assumption on N and
since the map H/~8 (M) — H/~8(N) induced by inclusion is an isomorphism in these
degrees.

We next claim that this map is surjective in degrees g < j < [(n + g)/2]. Given
this claim, we find that M is a rational cohomology S, CP, or HP in degrees up to
[(n + g)/2], so (1) implies that M is a rational S, CP, or HP, which proves (2).

To prove the surjectivity claim, we first note that an argument similar to the injectivity
proof carries through for j < [(n — 1)/2], since in these degrees the map H/ (M) —
H/(N) is injective. We may therefore assume that [(n —1)/2] < j < [(n + g)/2].
Hence we are in one of the following cases:

(1) n=1mod 2and g € {2,4},
(2) n=2mod4and g =4, or
B)n=0mod4,g=4,and j = (n+2)/2.
The first two cases do not actually occur. To see this, set m = [(n + 1)/2g] and note
on the one hand that H&™ (M) # 0 since the element X € H&™ (M) restricts to the

generator x™ of H&™(N), which is non-zero by the assumptions on the dimension and
the rational cohomology of N. On the other hand, we have

HE™(M) = H"8™(M) =~ H" $™(N) = 0

by Poincaré duality, the fact that N € M is [(n — 1)/2]-connected, and the conditions
on n and g, which imply that n % 0 mod g.

In the third case, the map H/ =8 (M) — H/ (M) is trivially surjective if we can show
that the latter group is zero, and indeed this is the case since

H/' (M)~ H" 7(M)=H"7(N) =0,

where in the last step we used the fact thatn — j = (n — 2)/2 is odd. This completes the
proof of the surjectivity claim and hence of (2) as explained above. ]

Lemma 4.10. Let M" be a closed, orientable, positively curved Riemannian manifold.
Suppose that N" ¥ is a fixed-point component of an isometric circle action on M. Assume
one of the following:

(1) M is arational S up to degree k + 1.
(2) M is a rational S* x HP up to degree k + 1, H¥*' (M) = 0, and k = 0 mod 4.
(3) M is arational CP, HP, or S? x HP for some p € {2,3} up to degree k + 2.

Then M is a rational S, CP, HP, S? x HP, or S® x HP up to degree n — 2k + 3. If
additionally k < (n + 5)/4, then M™ is a rational cohomology S™, CP"?, HP™*, or
SP x HP"P/* for some p € {2,3).
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Note that, for k = 2, the stronger conclusion that M is diffeomorphic to S” or C pn/2
holds by a theorem of Grove and Searle (see Remark 4.3). In any case, the rational coho-
mology type in the assumption matches that in the conclusion.

Proof of Lemma 4.10. Fix e € H*(M) as in the Periodicity Lemma, so that e induces
periodicity in degrees from k —2ton — (k — 2).

First, in the case where M is a rational S up to degree k + 1, we have H' (M) = 0
for 1 <i < k. In particular, ¢ = 0 and hence the injectivity of the multiplication map
H' (M) — H'*k(M) fori <n — 2k + 2 implies that H* (M) = 0 forall 0 <i <n —
2k + 3. This is equivalent to M being a rational sphere up to degree n — 2k + 3.

Second, assume we are in the CIP, HP, or S? x HP case for some p € {2, 3}, and
let x € H& (M) be a generator, where g = 2 in the C P case and g = 4 in the other cases.
Note that k£ > g, since otherwise k = 2 and hence M is a CP in all degrees by Grove and
Searle’s theorem (see Remark 4.3). Since multiplication by x is surjective into degree k,
we obtain a factorization of the form e = xy for some y € H*8(M).

Consider the maps

HiM)S HYs(M) S HIYF(M) S HITR2(0r)

given by multiplication by x, y, and x, respectively. The composition of the first two maps
equals e, and likewise for the composition of the last two. In particular, for

k—2<i<m-—-2k+2)—g,

the composition of the first two maps is surjective and the composition of the last two is
injective. Putting these claims together, we find that the middle map is an isomorphism
and hence the first map is surjective in this range. Similarly, on the indices

k—2<i<n-—2k+2,

we obtain injectivity for the composition of the first two maps and hence for the first
map. In particular, injectivity holds for i < (n — 2k + 3) — g, so combining this with
the surjectivity statement shows that M is a rational CP, HIP, or S? x HP up to degree
n—2k + 3.

Third, assume we are in the S3 x HP case up to degree k + 1, and let x € H (M)
be a generator. The proof for g = 4 above almost shows that multiplication by x induces
periodicity. We only need to show in addition that the maps

H*3(M) > H**'(M) and H*2(M) > H* 2(M)

are surjective and injective, respectively. The first of these claims follows trivially by
the assumption H**1(M) = 0, and the second follows trivially by the assumption that
k = 0 mod 4, which implies that H*~2(M) = 0.

Finally, we prove the last claim under the assumption k < (n + 5)/4. Since n — 2k + 3
> (n + 1)/2, the Betti numbers agree with the appropriate model in degrees up to |7/2|
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and hence in all degrees by Poincaré duality. In particular, we are already done in the
sphere case.

For the remaining cases, let g € {2, 4} as above. We have shown that the maps H* (M)
— H'*8(M) induced by multiplication by x are injective for all

0<i<n-—-2k+2.
We claim next that these maps are also injective for all
n—-2k+3<i<n-—g.

If we can do this, then the injectivity part of g-periodicity would be established, and the
surjectivity part would follow since we already know the Betti numbers.

Fix an i in this range, and suppose y € H'(M) is non-zero. Using Poincaré duality,
choose z € H"~/(M) such that yz # 0. Note that the degree of z satisfies

n—i <2k-3<n-2k+2

by the assumed upper bound on k, so periodicity up to degree n — 2k + 3 implies that
z = xz’' for some z’ € H" =8  But now 0 # yz = (xy)z’, so xy # 0. This completes
the proof of the injectivity claim and hence the proof of (2). ]

5. Proof of Theorem A

In this section, we prove Theorem A. We are given a closed, oriented, positively curved
Riemannian manifold M”, and we assume that T¢ acts effectively by isometries on M”"
with a fixed point, and all isotropy groups in a neighborhood of the fixed point have an
odd number of components. The theorem is implied by the following claims:

(1) If d = 9, then M is a rational cohomology S”, CP™2, or HP"/*,

(2) If d = 6, then M is a rational cohomology S”, CP"2, or HP"* up to degree

n—4\n/6] + 2.

We recall that M has g-periodic rational cohomology up to degree c if there is an
element x € H& (M ; Q) such that the map H (M ; Q) — H*&(M;Q) induced by mul-
tiplication by x is surjective for 0 <i < ¢ — g and injective for 0 <i < ¢ — g. The
conclusions are equivalent to showing, for some g € {1, 2, 4}, that H(M; Q) = 0 for
0<i<gand H*(M;Q) is g-periodic up to degree n orn — 4|n/6] + 2.

5.1. Proof of (1) given (2)

Considering the subaction by any T® C T°, we deduce from conclusion (2) that M" is a
rational cohomology S, C P2, or HIP"/* up to degree n — 4|1 /6] + 2 and hence up to
degree |n/4] 4 2. At the same time, Theorem 3.2 implies the existence of a fixed-point
component N € M of a circle in T° with codim N < |n/4]. By Lemma 4.10, it follows
that M is a rational cohomology S”, CP"2, or HP"/* in all degrees.
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5.2. Proof of (2)

We have a T®-action with a fixed point x € M" and the property that all isotropy groups
have an odd number of components. Theorem 3.14 implies that there exist non-trivial,
pairwise distinct involutions t1, . . ., 1 € T® whose fixed-point components Nin_ki = My
satisfy

ky+ -+ ke < 2n.

Without loss of generality, we may assume k; < --- < k¢. We begin the proof with two
reductions.

Claim 1. The conclusion of Theorem A (2) holds if Ny is a rational S, CP, or HP.

Proof of Claim 1. The inclusion Ny € M is (n — 2k + 2)-connected by the Connect-
edness Lemma, so M is a rational S, CIP, or HP up to degree n — 2k + 2. Since k1
is even and satisfies k; < n/3, we find that M is a rational S, CIP, or HP up to degree
n—4\n/6] + 2.

It suffices to show n = 0 mod 2 in the CP case and n = 0 mod 4 in the HP case.
First note that n is odd only if dim N; is odd, which holds only if N; is a rational sphere,
so we only need to rule out the possibility that n = 4m + 2 and N; is a rational HP. If
this were the case, then a generator x € H*(M) would satisfy x¥172)/4 £ 0 since this
element would restrict non-trivially in H k1 *2(N;) = Q. On the other hand, the Periodic-
ity Lemma gives rise to an injection H*¥1+2(M) — H*1+2(M) given by multiplication
by some e € H¥1 (M), which would be isomorphic to H¥1 (N;) = 0, a contradiction. m

Claim 2. The conclusion of Theorem A (2) holds if N; N N; is a rational S, CP, or HIP
forsomel <i < j <3.

Proof of Claim 2. First suppose ki < n/3. The inclusion N; N N; € N; is c-connected
with
c>n—ki—kj >k +1,

where the first inequality comes from the Connectedness Lemma and the second uses the
estimates k; + --- + k¢ < 2n and k; < n/3. Note also that n — k; — k; is even if n is
even, so ¢ > k1 + 2 in this case. Lemma 4.8 implies that N; is a rational S, CP or HP
up to ¢. Similarly since N; € M is ¢’-connected with

'>n—=2kj+2>ky +2,

M toois arational S, CP, or HP up to degree k; + 1if n is odd, and k; + 2 if n is even.
Lemma 4.10 now implies that M is a rational S, CPP, or HP up to degree n — 2k; + 3.
Finally, since Ny € M is (n — 2k; + 2)-connected, Lemma 4.8 implies that N; is a
rational S, CPP, or HPP up to degree n — 2k; + 2 and hence up to %dim N1 + 2. By
Poincaré duality, N; is a rational S, CP, or HP (see Lemma 4.9), so the conclusion
follows by Claim 1.

Now suppose that k; = n/3. Since the k; are increasing and sum to at most 2n, we
have k; =n/3 forall 1 <i < 6. In particular, n = 6/m and dim N; = 4m for some integer
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m since the codimensions k; are even. In addition, if we can show that N; is a rational S,
CPP, or HIP, then we may swap the roles of ¢; and ¢ if j > 1 and deduce the conclusion
by Claim 1.

If N; and N; intersect transversely, then the Four-Periodicity Theorem implies that
N; has 4-periodic rational cohomology. Since dim N; = 4m, Poincaré duality implies
that N; is arational S, CP, or HP, as needed.

If instead V; and N, do not intersect transversely, then the dimension of the intersec-
tion satisfies

dim(N; N N;) > (n—k; —k;) +2 =2m +2,

and the inclusion of the intersection into N; is 2m-connected. Since 2m = % dim N,
Lemma 4.9 implies that N; is a rational S, CPP, or HIP, so the proof is complete. [

By Claim 2, the second part of the next lemma finishes the proof of the theorem in
the case where the three involutions in T® whose fixed-point components have minimal
codimension are linearly independent. The first part of the lemma is used to prove the
second part, and it will be used later in the linearly dependent case.

Lemma 5.1. Let 01,02,03 € T® be linearly independent involutions, where T acts iso-
metrically without finite isotropy groups of even order near a fixed point x € M. Assume
that the fixed-point components Pi"_li = MY satisfy |y + 1o + I3 < n.

(1) The intersection Py N P, N P3 is a rational cohomology S/, CP/72 or HP//4,

(2) If 0; =; fori € {1,2,3}, where the i; are chosen as above, then P; N Pj = N; N N;
is a rational cohomology S, CPP, or HPP for some 1 <i < j < 3.

Proof. Set
F/ =P nPyN P,

and let T¢ denote the identity component of the kernel of the T®-action on F. By assump-
tion 0; € T¢ and thus d > 3. Moreover, T¢ acts without finite isotropy groups of even
order near F.

We consider the restriction

p: Z; — O(vx F)

of the isotropy representation to the subgroup of involutions Zg = (01,02,03).If d = 3,
then not all seven non-trivial irreducible representations of Z g occur as subrepresentations
of p. If d > 3, then the first part of the lemma holds by Theorem 4.6. Our first claim is
that if the conditions of (2) hold and d > 3, then also not all seven non-trivial irreducible
representations of Z3 occur as subrepresentations of p.

First, we prove the claim by contradiction for d = 4. If, for some i < j, the inter-
section P; N P; were fixed by a 3-torus, then Lemma 3.15 would imply the existence
of two involutions for which the codimensions of the fixed-point sets add up to at most
n —dim(P; N P;). By assumption the same must hold for o; and o;. This is only possible
if P; and P; intersect transversely, but then not all seven irreducible representations of Z3
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can show up. If, instead, the intersection P; N P; is not fixed by a 3-torus for all i < j,
then the number of non-trivial subrepresentations of Z‘Zi - T4 in P; N P; is at least 2.
In particular, the isotropy representation of T¢ has at least 7 + 3 irreducible subrepresen-
tations. This is the maximum number possible. If we let W C (Zg)* denote the set of
weights of these subrepresentations then the complement of W U {0} in (Z5)* is given
by five vectors in general linear position. The permutation group S5 on these five vectors
induces linear isomorphisms of (Z3)* leaving W invariant. One of these vectors must be
the element T whose kernel is given by Z3 € T>. Up to an isomorphism the situation is
now completely determined. We can choose a basis of Z3 such that W is given by the
elements of weights < 2 and 7 is given by the element of weight 4. The weights of the
representation of Z3 are obtained by projecting pr: (Z3)* — (Z3)* /. It is now easy to
see that there are indeed three elements in pr(W) that have two preimages. However, these
three elements are linearly dependent, so we again have a contradiction. This proves the
claim for d = 4.

Finally, we prove the claim for d > 5. By a similar argument, we find that the number
of non-trivial irreducible subrepresentations of Zg - T4 in P; N P; is at least 3 for all
i < j.In particular, the isotropy representation of T¢ has at least 7 + 2 -3 = 13 irre-
ducible subrepresentations. Using our classification from Section 1.3, this implies that
either d = 6, or d = 5 and the representation of T> is graphic. Applying Theorem 3.14
and Lemma 3.15, we can find three involutions 61, 05,03 € T4 such that the codimensions
of their fixed-point sets add up to at most n — f. By the choice of o; in (2) the same holds
for ;. Since the intersection of P;, P, P3 has codimension n — f, equality must hold
and the P; and P; intersect pairwise perpendicularly, contradicting the fact that all seven
non-trivial irreducible representations of Z3 show up.

With the claim proven, we come to the main part of the proof. We label the multiplic-
ities of the weights e¢; by m; for 1 <i < 3, the weights ¢; + ej by m;; for1 <i < j <3,
and the weight e; + e, + e3 by m123. By the above claim, we may assume that at least
one of these multiplicities is zero. Note also that the multiplicities are even since p is the
restriction of a torus representation. We summarize these definitions as follows:

| mi my m3 ma3  mi3 mip mi23
o] 1 0 0 0 1 1 1
o2 0 1 0 1 0 1 1
o3| 0 0 1 1 1 0 1

Note that the condition /; + I, + I3 < n implies the following estimate on the multiplici-
ties of the weights:
Zmi + ZZmij 4+ 3my3 < n.
i i<j

We first prove the lemma in two special cases.

Case 1: p has only three irreducible subrepresentations. The weights of p form a basis
of (Zg)*, so we can replace 01, 02, and 03 by a dual basis, if necessary, so that m;; = 0
foralli < j and my23 = 0. In particular, m; > 0 for all i.
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We look at the transverse intersection of Py and P,, which satisfies dim(P; N Py) >
% dim P,. Additionally, P; and P, are fixed-point components of circles by the assump-
tion on the number of components of isotropy groups. Hence the Connectedness Lemma
(Theorem 4.1) and the Four-Periodicity Theorem 4.5 imply that P; N P, has 4-periodic
rational cohomology, and Lemma 5.2 implies that P; N P, is a rational cohomology S,
CP, or HP. In each of these cases, Bredon’s theorem implies that F' /" is also a rational
S, CP, or HP, so both parts of the lemma follow in this case.

Case 2: There exists h € {1,2,3} such that exactly two of the three multiplicities my, m;;,
and my,3 are non-zero, where {h,i, j} = {1,2,3}. To prove the lemma in Case 2, we look
at the fixed-point component P;; = M of the product of the involutions o; and o;.
We also consider P;; N Py, P;j N P;, and P;; N Pp;, which as submanifolds of P;; have
codimensions my + m123, m;; + mi23, and my + m;;, respectively. By the assumption
in Case 2, some pair of these submanifolds of P;; intersect transversely and have pos-
itive codimension in P;;. Moreover, the intersection equals F/ = M;S, F/ arises as
the fixed-point component of a circle by the assumption on the number of components
of isotropy groups, and the smaller of the two codimensions is at most max(m;;, m123),
which satisfies

max(m;;, mi23) < E Mps +2mio3 < n— E my — E Mps —M123 = f.

In particular, F/ = Mf has 4-periodic rational cohomology by the Four-Periodicity
Theorem 4.5. By Lemma 5.2 below, F7 is arational cohomology Sf, C ]Pf/z, or H]I”f/4,
which proves the first part of the lemma in Case 2.

We proceed to the proof of the second part of the lemma under the assumptions of
Case 2. First, if my = 0, then M ;3 = P; N P; and we are already done.

Second, assume that m123 = 0. If m;, < m;;, then the inclusion F/ C PN Pjis
f-connected with f > % dim(P; N P;), so the Four-Periodicity Theorem and Lemma 5.2
imply that P; N P; is a rational S, CPP, or HP. If instead m;; < my, then similarly
F/ c P;j N Py is f-connected with f > %dim(Pij N Pp) and hence P;; N Py is a
rational S, CP, or HP. Now the minimality assumption of the second statement of the
lemma gives us codim P;, < codim P;;, so the Connectedness Lemma implies that the
inclusion P;; N P, C P;j is c-connected with

c>n —Zmr —2(mp; +mp;) > 2my; > my; + 2.

By Lemma 4.8, P;; isarational S, CIP, or HIIP up to degree m;; + 2. Since P; N P; C P;;
has codimension m;;, Lemma 4.10 implies that P;; is a rational S, CP, or HP up to
degree dim P;; — 2m;; + 3. Now the Connectedness Lemma implies that the inclusion
P; N P; C P;j is (dim P;; — 2m;; + 2)-connected, so P; N P; is a rational S, CP, or
HP up to degree dim P;; — 2m;; + 2 by Lemma 4.8. Finally, since

dim P;j —2m;; +2 = dim(P; N Pj) —mij +22> %dlm(P, N Pj) + 2,

Lemma 4.9 implies that P; N P; is arational S, CP, or HP.
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Finally, assume that m;; = 0. Note that F f = P;; N Py in this case, so the inclusion
Ff c P;; is c1-connected with

cr=n-— Zmr —2(mp; +mpj) —mi23 > 2mi3 > miz3 + 2.

Since P; N P; € P;j has codimension m 1,3, we argue as in the previous paragraph to
conclude that P;; and hence P; N P; is arational S, CPP, or HIP up to degree ¢, with

¢z > dim Pij —2myp3 +2 > 3 dim(P; N Pj) +2

and hence in all degrees by Lemma 4.9. This concludes the proof of the lemma in Case 2.

‘We now finish the proof of the lemma assuming that neither Case 1 nor Case 2 occurs.
In particular, we may assume m1,3 7 0. Additionally we may assume that mj and m;;
are both zero or both non-zero for all & € {1, 2, 3} where {h,i, j} = {1, 2, 3}. Since
there are at least 4 non-zero weights, we get non-zero values for at least two values of /.
Finally, since the representation has no finite isotropy groups with even order, we may
assume (after permuting the o;) that m; = my3 = 0 and that the other five multiplicities
are non-zero.

Now we look inside the fixed-point component P53 = M{'°2%3. Since m; = 0, inter-
secting with P, and P3 give submanifolds of Pj,3 that intersect transversely and have
codimensions m1, and m 3, respectively. Since dim M. ;3 > % mys + 2m123, the Four-
Periodicity Theorem and Lemma 5.2 imply that M ;3 is a rational S, CP, or HP. Since
mp =0, M;S = P, N P3, so the proof of the lemma is complete. [

By the above discussion we have proved the theorem in the case that the involu-
tions (1, tp, t3 with minimal-codimensional fixed-point sets are linearly independent. We
assume therefore that ¢, 5, t3 are linearly dependent, which is equivalent to the property
that their product is the identity element. We assume moreover that Ny = M,* has codi-
mension strictly larger than k3, since otherwise we could swap the roles of (3 and ¢4 and
proceed as in the linearly independent case because the ¢; are pairwise distinct.

Linear dependence implies that ¢, 5, and t3 are contained in a 2-torus. Hence there
is a 4-torus T* that acts without even-order finite isotropy groups and is complementary
to the 2-torus. We may assume the T*-action on N; N N, is almost effective, since oth-
erwise N; N N, is fixed by a T3-action, which would imply that we could replace (3 by
another involution that is linearly independent from ¢; and ¢, and whose fixed-point set
has codimension at most %codim(Nl N Np) < %codim(Nl N N,) < k3. In particular, the
2-torus also acts without finite isotropy groups of even order on M.

4

By Theorem 3.2, there exists a non-trivial involution L:‘ € T4 with codim M % < gh.

Replacing (4 by ¢, if necessary, we may assume that N, k4 satisfies

ks < 3n.

Ol

Since t;, 2, and t4 are linearly independent, and since the codimensions of their fixed-
point sets satisfy
ki +ky+ks < S(ky +--- + ko) <n,
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the first part of Lemma 5.1 implies that Ny N N, N Ny is a rational cohomology S, CP,
or HP. By Claim 2 at the beginning of the proof of the theorem, it suffices to show that
N1 N N, is arational cohomology S, CP, or HP.

To do this, we need more notation. Since (;, (», and ¢3 are linearly dependent, the
two-fold intersections N; N Nj for 1 <i < j < 3 coincide. Moreover, the codimensions

m!: = codim(N; N N» € N;)

fori € {1,2, 3} satisfy m/| > m’, > m’, and are the multiplicities of the three irreducible
subrepresentations of the Z%-representation on the normal space to N; N N,. Note in
particular that

1 1
/ / _
ms = 3 E m; = 3k,
where we define
k = codim(N; N Np) = m| + m5 + mj.

With this notation, we prove the following claims:

Claim 3. Ifm’3 € {0, 2}, then N1 N Ny is a rational S, CPP, or HP.

Proof of Claim 3. If m’y = 2, then N; N N, is a codimension-2 fixed-point component
of a circle action on N3, so the claim holds by Remark 4.3. If m’; = 0, then N3 is the
transverse intersection of N1 and N,, and 2 codim(Ny N N3) = k1 + k> + k3 <n.Hence
the Connectedness Lemma (Theorem 4.1), the Four-Periodicity Theorem 4.5 and Lemma
5.2 imply the claim. ]

Claim 4. Ifm’y > 4, then N1 N N, is a rational S, CP, or HP up to degree m’ + 1 if n
is odd and up to degree m’y + 2 if n is even.

Proof of Claim 4. To begin, we need the following estimate:
n—k—ks>mjy+ 1.
To prove it, we use the equality 2k = Zf’ _, ki and the inequality k4 < k5 < k¢ to estimate
[ 1
n—k—ky zn—EZki—EZki.
i=1 i=4
Next, we use the inequalities k; < k; 3 fori € {1,2, 3} to obtain
& 1
n—k—ky zn—gl;k,-—iigki +1.
Finally, we use the inequalities 26 ki <2nand k; > ky > 2m/ fori € {1,2,3} to

i=1
obtain the desired estimate:

3
1
n—k—k4Zngi+12m’3+l.

i=1
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We now finish the proof of the claim.

Case 1: k4 < k. The inclusion Ny N N N Ny € Ni N N, is c-connected with
c>n—k—ky>my+ 1.

Moreover, ¢ > m’3 + 2 if n is even since k, k4, and m/3 are even. Hence Ny N N, is a
rational S, CIP, or HP up to degree m’ + 1, and up to m’ + 2 if n is even.

Case 2: k < k4. This time, we prove that the three inclusions Ny N Ny N Ny € Ny,
N4y C M,and Ny NN, C M are (mg + 1)-connected if n is odd, and (m’3 + 2)-connected
if n is even. This suffices to pull the S, CP, or HIP cohomological type in degrees up to
m’ + 1 in odd dimensions or m% + 2 in even dimensions up to N4 and M and then push
it back down to N1 N N,. We step through the required estimates one at a time.

The first inclusion is ¢ -connected with

c1>n—k—ky,

so this is at least m’ + 1 in general and m% + 2 if n is even just as it was in Case 1. The
second inclusion is ¢,-connected with

3/4 11
cz2n—2k4+22n—5(§n)—5(§;ki)+2,

where we have partially estimated k4 using the upper bound gn and partially using the
upper bound % 21-624 k;. Using again 3k, + Zf:4 k; < Zle ki <2n and ky > 2mj,
this implies

22 gn—g(@2n—3ky) +2=mj +2,

as required. Finally, the third inclusion Ny N N, € M has codimension k, which is at
most k4 = codim(N4 € M), so this inclusion is also (m’ + 2)-connected by the same
estimate as for N4. This concludes the proof of the claim. ]

We now finish the proof of the theorem given Claims 3 and 4. By Claim 2 at the
beginning of the proof, it suffices to show that Ny N N, is a rational S, CP, or HP. In
the situation of Claim 3, this holds immediately, so we may assume we are in the situation
of Claim 4.

The inclusion N; N N> € N3 is c-connected with

c>dimN; —2m5y+2=(n—k)—m5+2>2mj+2,

where in the last step we have used 3m’ < > m} =k and 2k = k; + k2 + k3 <n.In
addition,
4—1’1/12\j <2ky <n—kz = dim N3,

so Lemma 4.10 implies that N3 is a rational S, CIP, or HP. By Bredon’s theorem, the
same conclusion holds for N1 N N,. This completes the proof of the theorem.
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5.3. Upgrading 4-periodicity to standard cohomology

The following lemma uses the assumption on isotropy groups, together with the fact that
fixed-point components of T#-actions are rational cohomology S, CP, or HP to upgrade
4-periodicity in the proof of Theorem A.

Lemma 5.2. Let M™ be a closed, oriented, positively curved Riemannian manifold.
Assume that T® acts isometrically on M, has a fixed point x, and has the property that all
isotropy groups near x have an odd number of components. For any subtorus T¢ C TS,
if the T¢-fixed-point component F/ at x has f < 6 or 4-periodic rational cohomology,
then F” is a rational cohomology s/, (C‘Pf/z, or HP//4,

Proof. Let F/ be the fixed-point component at x of a subtorus T¢ with 0 < d < 6. We
may assume that T is the kernel of the induced T®-action on F /.

If d > 4, then F/ is a rational cohomology S/, CP//2, or HP//* by Theorem 4.6.
Assuming then that d < 3, we can apply Theorem 3.2 to choose subtori

T i+l c...c T
such that the corresponding fixed-point components
F/=Fj2F;1 2 2F
have the property that
codim(F;+1 € F) < ¢(3)dim F; = 1 dim F;.

By making our choices to have minimal codimension at each step, we may assume without
loss of generality that the induced T®-action on F; has kernel isomorphic to T’. Since, in
addition, the T®-action has a fixed point, the induced action by T? = T6/T* on Fy is
effective, so dim Fy > 4.

Moreover, we may assume that f > 8, since otherwise F4 C F has codimension 2 and
hence the result follows from Remark 4.3. By 4-periodicity and Poincaré duality, it suffices
to show that b3(F) = 0 in even dimensions and F is not S? x HP for some p € {2, 3}.

The Connectedness Lemma implies that the inclusions Fj 4+, C F; are 2-connected in
general and 3-connected if n is odd. Recall for the last statement that n = dim F; mod 2
for all i since the codimensions are even. In particular, in odd dimensions, we conclude
that H1(F) =~ H'(F;) =0and H3(F) = H3(F,) = 0 and hence F is a rational sphere.
In even dimensions, we conclude that the squaring map H2(F) — H*(F) is injective.
In particular, the cohomology in even degrees cannot look like S? x HPY /4 5o this
excludes both the possibility that F/ is a rational S? x HPY~2/* and the possibility
that b3(F) # 0. Hence F/ is a rational S/, CP//2, or HP//4. |

5.4. Alternative proof of (1)

Theorem A for a T?-action admits a short, direct proof that does not require the more
involved result for T®-actions. We present it here.
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We are given a closed, oriented, positively curved Riemannian manifold M" with an
isometric T°-action such that there is a fixed point x € M and no finite isotropy groups
of even order near x. By repeated applications of Theorem 3.2, we obtain a sequence of
fixed-point components

FCch cFiCFh=M

with the property that
kit1 = codim(Fjy; € F;) <c(9—i)dim F;

for 0 <i <2, where c(9) = 1/4, ¢(8) = 2/7, and ¢(7) = 3/10 as in Theorem 3.2. We
may assume moreover that each F; is chosen to have maximal dimension in F;_; so that,
in particular, the kernel of the induced T°-action on F3 equals a subtorus T3.

We apply the S!-Splitting Theorem to the isotropy representation of T3 on the normal
space to F3. This gives rise to a circle S! € T3 such that the induced action by T3/S! = T2
is effective and splits as a product action on the fixed-point component N = M fl. In
particular, F3 is the transverse intersection of two fixed-point components inside N .

By maximality of dim F;, we have dim F; > dim N. On the other hand,

dim F3 > 5 dim F, > 1 dim Fy,

so dim F3 > % dim N. This is sufficient for the Four-Periodicity Theorem, and we find
that F3 has 4-periodic rational cohomology. By Lemma 5.2, we find moreover that F3 is
a rational cohomology S, CP, or HP.

We now use the Connectedness Lemma to pull this cohomological information up
to M . First, the inclusion F3 C F, is c-connected with

¢ > dim F, — 2k3 + 2 > max(ks, k) + 2.

Hence Lemmas 4.8 and 4.10 imply that F5 is a rational S, CPP, or HP up to degree
ko + 2.
Repeating this argument for the inclusion F», C Fy, which is ¢’-connected with

¢’ > dim Fy — 2k, + 2 > max(ko, k1) + 2,

we find that F; is a rational S, CIP, or HP up to degree k1 + 2.
Finally, since the inclusion F; € M is ¢”’-connected with

" >n—2ky +2>max(k; +2,n/2 +2),

we find that M is a rational S, CPP, or HP up to degree n/2 + 2. By Lemma 4.9, this
is sufficient by Poincaré duality to conclude that M is a rational cohomology S, CP, or
HP in all degrees.
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