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Abstract
By replacing the torus with an elementary abelian two-group, we generalize Grove
and Searle’s maximal symmetry result and Wilking’s half-maximal symmetry result
for positively curved manifolds with an isometric torus action.

Mathematics Subject Classification 53C21 · 20K01
The classification of closed manifolds of positive curvature is a long-standing problem
in Riemannian geometry. To date, other than some special examples in dimensions
less than or equal to 24, all known examples are spherical in nature and are highly
symmetric. Over the last 30 years, the additional assumption of symmetries has been
a fruitful approach to such a classification. In particular, since every continuous group
contains a maximal torus, the case of torus actions has naturally attracted a great deal
of attention. In turn, each torus is a product of circles and therefore contains a product
of cyclic groups. Previous work on positively and non-negatively curved manifolds
with discrete symmetries of dimension 4 can be found in Yang [36], Hicks [19], Fang
[9], and Kim and Lee [25], and of higher dimensions in Fang and Rong [12], Su and
Wang [30], and Wang [33]. For all of these results, the focus has been on choosing
a cyclic group or a product of cyclic groups, where the order of each cyclic group is
large enough to produce a fixed point.

In this paper, we focus on products, Zr
2, of cyclic groups of order two, and we call

such a group aZ2-torus. For reasonswe discuss below, and unlike the hypotheses of the
above-mentioned work on discrete symmetries, our results will require the assumption
that the Z2-torus has a fixed point. Our first result is a straightforward consequence
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of the work of Fang and Grove in [10] on reflections in positive and non-negative
curvature.

Theorem A Let Mn be a closed, positively curved manifold such that Z
r
2 acts iso-

metrically on M with a non-empty fixed-point set. If r ≥ n, then r = n and M is
equivariantly diffeomorphic to Sr or RPr with a linear Z

r
2-action.

We remark that Theorem A is analogous to the following maximal symmetry rank
result of Grove and Searle [15], where the symmetry rank of a Riemannian manifold
equals the rank of its isometry group.

Maximal Symmetry Rank Theorem [15] Let Mn be a closed, positively curved mani-
fold admitting an isometric and effective T r -action. If r ≥ n

2 , then r = � n
2 � and Mn

is diffeomorphic to S2r , RP2r , CPr , or S2r−1/Zk for some k ≥ 3.

This result was later improved to T r -equivariant diffeomorphism with a linear T r -
action for r = � n

2 � by Galaz-García [14]. We define the Z2-fixed point symmetry rank
of aRiemannianmanifold to be the rankof the largestZ2-torus contained in its isometry
group whose action has a fixed point. Both Theorem A and the Maximal Symmetry
Rank Theorem determine the corresponding maximal Z2-fixed point symmetry rank
and maximal symmetry rank, respectively, of a positively curved manifold and prove
rigidity up to equivariant diffeomorphism with a linear action. The next result can also
be viewed as an analog of the Maximal Symmetry Rank Theorem, as it includes the
remaining manifolds having maximal torus symmetry, although only up to homotopy
equivalence.

Theorem B AssumeZ
r
2 acts effectively and isometrically on a closed, positively curved

manifold Mn with a non-empty fixed-point set. If n /∈ {3, 4, 7, 11, 12, 23} and

r ≥ n + 1

2
,

then one of the following holds:

(1) M is homotopy equivalent to Sn or RPn; or
(2) M is homotopy equivalent to CPr−1 or S2r−1/Zk , with k ≥ 3, and r = � n+1

2 �.
We note that each of the spaces in Conclusion (2) can be realized, and we show this

in Example 7.2. For dimension n = 3, the result is not true since there are spherical
space forms S3/� with non-cyclic fundamental group� that admitZ2

2-symmetry with
fixed point, as we show in Example 7.6. The same example shows that for dimensions
n = 6 and n = 8, the symmetry assumption in Theorem B cannot be relaxed. Finally,
we prove a slightly weaker result in Theorem 5.3 for the excluded values of n in
Theorem B.

The conclusion of Theorem B is similar to that of the Maximal Symmetry Rank
Theorem.However, the proof follows the strategy of the proof of Theorem2 inWilking
[34], using the theory of error correcting codes applied to the isotropy representation
at the fixed point. The proof relies heavily on the Connectedness Lemma in [34] and
is by induction.
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Our next result is an extension of a theorem ofWilking in [34, Theorem 2], which is
a half-maximal symmetry rank result for simply connected manifolds of dimensions
n ≥ 9. The result remains valid for dimension 8 by Theorem A of Fang and Rong
[11] and for dimensions n ≤ 6 by the Maximal Symmetry Rank Theorem. The result
is slightly refined by combining Theorems 2, 3, and 4 of [34] with Theorem A of [11]
and Theorems 3.4 and 3.5 in this article.

Half-Maximal Symmetry Rank Theorem Let Mn be a closed, positively curved mani-
fold admitting an isometric and effective T r -action. If n �= 7 and r ≥ n

4 + 1, then one
of the following holds:

(1) M is homotopy equivalent to Sn, RPn, a lens space, or CP
n
2 ; or

(2) M is homeomorphic to HPr−1 and r = n
4 + 1.

Unfortunately, we cannot prove a properZ2-analog of Theorem 2 in [34] that would
include the quaternionic projective space. However, we are able to prove the following
result giving us information about the fixed-point sets of subgroups of Z2-corank at
most four.

Theorem C Let Mn be a closed, positively curved manifold, and assumeZ
r
2 acts effec-

tively by isometries on M with fixed point x. Assume that n ≥ 15 and that

r ≥ n + 3

4
+ 1.

Then at least one of the following occurs:

(1) For any subgroup of Zr
2 with corank at most four, the fixed-point set component at

x, Fm
x , is homotopy equivalent to Sm, RPm, CP

m
2 , or Sm/Zk for some k ≥ 3; or

(2) Mn is a simply connected integer cohomology HPr−2 and r = n
4 + 2.

Weremark thatwhileConclusion (1) follows ifM itself is a sphere, a real or complex
projective space, or a lens space, new techniques are required to prove a stronger
statement. Regarding Conclusion (2), note that the space HPr−2 has T r−1 symmetry
but not T r symmetry, not even topologically by Theorem 3 in [34]. However, we see in
Example 7.6 that HPr−2 does admit a Z

r
2-action with a fixed point, and moreover has

the additional property that some corank four subgroup has a fixed-point set component
HP2.

We observe that the symmetry assumption in Theorem C cannot be relaxed to r ≥
n+2
4 +1, since there exists a positively curvedmetric onCP2r−3/Z2 withZ

r
2 symmetry,

with the property that Zr
2 fixes a point x and there exists a CP5/Z2 containing x that is

the fixed-point set component of a Z2-corank four subgroup, see Example 7.6. In this
example, there is furthermore aZ

r−3
2 whose fixed-point set component at x isCP3/Z2,

which is also not one of the spaces in Conclusion (1) of Theorem C. Similarly, we
also see in Example 7.6 that S4r−5/�, where � is a finite, non-cyclic subgroup of
Sp(1) containing Q8, has Z

r
2 symmetry, a fixed point, and a subgroup Z

r−2
2 with non-

standard fixed-point set component S3/�. We conjecture that these models might be
the only ones that arise if the symmetry assumption in Theorem C is relaxed slightly,
and we make partial progress toward a solution of the same in Theorem 6.1.
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Finally, we note that Conclusion (2) of Theorem C occurs only if r = n
4 + 2.

Moreover, in this case, the fixed-point set components of subgroups of corank at most
three are as in Conclusion (1). In particular, one sees from TheoremC that every fixed-
point set component Fm of the Z

r
2-action is a Z2-cohomology Sm , RPm , or CP

m
2 . In

the torus case and by switching to rational coefficients, a similar result was obtained
by the first author in [21] under the assumption that n ≡ 0 mod 4 and that the rank r
of the torus is a logarithmic function of the dimension. More recently, the first author,
Wiemeler, and Wilking in [23] show that the assumption on n is not necessary and
that the assumption on r can be relaxed to r ≥ 5, see also Nienhaus [26]. It would be
interesting to explore the extent to which Theorem C can be improved, while noting
that Theorem F of [23], an important ingredient in the proof of their result, does not
extend to Z2-torus representations.

As a bonus, Lemmas 5.1 and 5.2 give us the following bounds on the maximal
Z2-fixed point symmetry rank for manifolds of positive curvature with non-trivial
fundamental groups. Both estimates are sharp, see Examples 7.2 and 7.6, respectively.

Theorem D Let M be a closed, positively curved Riemannian manifold admitting an
isometric and effective Z

r
2-action with a fixed point. Then the following hold:

(1) If π1(M) is neither trivial nor Z2, then r ≤ n+1
2 ; and

(2) If π1(M) is a non-cyclic finite group, then r ≤ n+5
4 .

Some remarks on the assumed existence of fixed points are in order. First, for closed
manifolds of positive curvature with torus symmetry, a result of Berger [5] implies that
every subgroup of the torus has non-empty fixed-point set in even dimensions, while a
result of Sugahara [31] (see also [15]) shows that every torus action has a circle orbit in
odd dimensions. Second, each component of the fixed-point set of a subtorus inherits
a torus action from the ambient manifold since tori are connected, abelian groups.
When passing from the torus case to the Z2-torus case, we lose both the existence of
fixed-point set components and of an induced Z2-torus action. In fact, the theorem
of [5] does not strictly generalize to Z2-tori since, for example, even-dimensional
spheres admit free and isometric Z2-actions. Likewise, the result of [31] does not
generalize either, as both (4k + 3)-dimensional real projective spaces in Example 7.6,
and Eschenburg spaces, see Shankar [28], admit free and isometric Z

2
2-actions. So we

assume throughout that our Z2-tori have non-empty fixed-point sets. One advantage
of this assumption is that it also implies that the Z2-torus acts invariantly on each
of those fixed-point set components containing a point fixed by the whole Z2-torus.
These observations are crucial to generalizing the arguments from the torus case.

One final remark illustrates why the proof techniques in the torus case with rank r
roughly correspond to those for a Z2-torus of rank 2r . This doubling is based on the
simple observation that the lowest dimensional irreducible representation of a circle is
of dimension two, while for Z2, it is of dimension one. More specifically, the maximal
symmetry rank bound is roughly doubled for the Z2-fixed point maximal symmetry
rank. Likewise, the induction setup and use of error correcting codes in [34] for a
torus of rank r ≈ n

4 are used in our proof of Theorem B for a Z2-torus of rank r ≈ n
2 .

Finally, the method of proof in work of Rong and Su [27] for a torus of rank r ≈ n
8

motivates the proof of Theorem C with a Z2-torus of rank r ≈ n
4 .
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Organization

Section 1 contains the estimates from the theory of error correcting codes that will
be used throughout most of the paper. Section 2 reviews results on Z2-torus actions
on spaces with singly generated Z2-cohomology. Section 3 recalls the Connectedness
and Periodicity Lemmas in [34], summarizes some of the applications of these ideas,
and contains proofs of the corresponding refinements needed for the proofs of the
main theorems. In Sects. 4, 5, and 6, we prove Theorems A, B, and C, respectively.
Section 7 includes a summary, in order of decreasing symmetry, of the examples of
positively curved manifolds with Z2-torus actions that illustrate these results. Finally,
Appendix A contains a table of error correcting codes used in the proof of one of the
results in Sect. 1 for easy reference.

1 Estimates for error correcting codes

In this section, we provide estimates derived from the theory of error correcting codes,
as well as applications of the same to the theory of positively curvedmanifolds. Before
we begin, we recall the definition of the Hamming weight and the Hamming distance.
When it is clear from context, we will refer to each of them simply as weight and
distance, respectively.

Definition 1.1 (Hamming weight) Let ι ∈ Z
n
2 be an involution. The Hamming weight

of ι, denoted by |ι|, is the number of non-trivial entries in ι. The Hamming distance
between two involutions ι1, ι2 ∈ Z

n
2 is |ι1ι2|.

In the theory of error correcting codes, one considers upper bounds on theminimum
Hamming weight of the elements in the image of an injective, linear map Z

r
2 → Z

n
2.

The optimal upper bound is denoted throughout this section by d(n, r).
Note that in the case where N is a fixed-point set component of an involution ι

acting on a manifold M , where ι is regarded as a linear map on TxM for some x ∈ N ,
codim (N ) equals the Hamming weight of the involution.

The main result we use from the theory of error correcting codes is the following
improvement of the Elias–Bassalygo bound, which follows immediately from Propo-
sition 3.1 in [34], together with an argument in the proof of Corollary 3.2 in [34].

Theorem 1.2 [34]Fix δ ∈ (0, 1
2 ). If ρ : Z

r
2 → Z

n
2 is a (not necessarily linear) injection

such that |ρ(ι)| ≥ δn for all non-trivial ι ∈ Z
r
2, then

r ≤ (1 − H(J (δ))) n + 1.5 log2 n + 0.5 log2

(
1 − J (δ)

J (δ)

)
+ 1.5,

where J (δ) = 1
2

(
1 − √

1 − 2δ
)
and H(ε) = −ε log2 ε − (1 − ε) log2(1 − ε).

The function J is related to the Johnson bound in the theory of error correcting
codes, and H is the entropy function. For our purposes, we only need the facts that
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J (δ) is an increasing function that maps the interval [0, 1
2 ] onto itself and that 1−H(ε)

is decreasing on the interval 0 ≤ ε ≤ 1
2 .

Here we sketch the arguments to avoid any confusion. To prove Theorem 1.2, we
first need the following lemma which is contained in the proof of Proposition 3.1 in
[34].

Lemma 1.3 Given k vectors in theHamming sphere Sw(0) of radiusw about the origin
in Z

n
2 such that the distance between any two is at least b, then k ≤ n + 1 provided

w < J
( b
n

)
n.

Sketch of the proof of lemma 1.3 The proof of Proposition 3.1 in [34] involvesmapping
the Hamming sphere Sw(0) ⊆ Z

n
2 to a Euclidean Sr (0) ⊆ R

n . To do this, define

f : Sw(0) → R
n component-wise by (xi ) 
→

(
xi
w

− 1−xi
n−w

)
. For x ∈ Sw(0), the

Hammingweight of x isw, and theEuclideannormof f (x) is r =
√

n
w(n−w)

. Similarly,

given two vectors x and y among the k vectors in the assumption, their Euclidean inner
product satisfies

〈 f (x), f (y)〉 = r2(1 − r2

2
d(x, y)) ≤ r2(1 − r2

2
b),

where d(x, y) denotes the Hamming distance and where d(x, y) ≥ b by assumption.
One can verify that the right-hand side is negative provided w < J

( b
n

)
n, so the

Euclidean angle between x and y is strictly larger than π/2. After scaling, we get k
vectors on the unit sphere in R

n such that the angle between any two is larger than
π/2. By an elementary induction argument over n, one can show that this condition
implies k ≤ n + 1. ��
Proof of Theorem 1.2 Set b = δn and w0 = �J (δ)n� − 1. Note that d(x, y) ≥ b for
all pairs of distinct points in the image of ρ and that w0 is an integer less than J (δ)n.

Set C = ρ(Zr
2), and consider the set {(c, x) ∈ C × Z

n
2 | d(c, x) = w0}. On the one

hand, the number of elements in this set is
∑

c∈C |Sw0(c)| = 2r
( n
w0

)
. On the other hand,

the number of elements is
∑

x∈Zn
2
|{c ∈ C | d(c, x) = w0}|. But {c ∈ C | d(c, x) = w0}

maps bijectively to {c′ ∈ x + C | d(c′, 0) = w0} via x 
→ c + x . Moreover, the latter
set has the properties that all elements have weight w0 and that any two have distance
at least b since translations in Z

n
2 are isometries of the Hamming distance. Since

w0 < J (δ)n, the lemma implies that each of these sets has at most n + 1 elements.
Therefore we have the bound

2r
(
n

w0

)
≤ 2n(n + 1).

Next, we set w = w0 + 1 and rewrite this inequality as

2r
(
n

w

)
≤ 2n

(
n − w + 1

w

)
(n + 1).
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We now prove the result assuming 2 ≤ w ≤ n
2 and come back to the other cases at

the end. Since w ≥ 2, we may estimate the right-hand side to get

2r
(
n

w

)
≤ 2n

n2

w
.

On the left-hand side, we use the estimate

(
n

w

)
≥ 2H(ε)n/

√
8(ε)(1 − ε)n,

coming fromStirling’s formula (see Lemma 4.7.1 in Ash [3]), where ε = w/n. Putting
this together with the previous inequality, we have

r ≤
(
1 − H

(w

n

))
n + 1.5 log2 n + log2

(
n − w

w

)
+ 1.5.

Since w ≤ n
2 and 1 − H(ε) is decreasing on the interval [0, 1

2 ], the entire right-hand
side of this expression is decreasing in w. Since w ≥ J (δ)n, we may substitute J (δ)n
for w in this bound to obtain the theorem.

To finish the proof, we deal with the edge cases w < 2 and w > n
2 . The former

implies that w0 = 0 and hence that r = 0 because of the fact that the set {c′ ∈
x +C | d(c′, 0) = w0} can only have one element of weight zero. The claimed upper
bound on r in the theorem is then easy to verify. The latter case implies thatw0 ≥ n−1

2
and hence that J ( bn )n > n−1

2 . Solving for δ = b/n in this expression, we obtain δ ≥ 1
2 .

This contradicts the assumptions of the theorem, so the latter case does not occur. ��
We now use Theorem 1.2 together with some additional bounds from the theory of

error correcting codes to prove the main lemma we need in our applications. We let

B = {4, 12} ∪ {3, 7, 11, 23}

denote the set of dimensions missing from Theorem B, and we define δB(n) to be one
for n ∈ B and zero otherwise.

Lemma 1.4 Let Mn, n ≥ 3, be an n-dimensional Riemannian manifold admitting an
effective, isometric Z

r
2-action with a fixed point x. Then the following hold:

(1) If r ≥ n+1
2 + δB(n), there is an involution ι ∈ Z

r
2 such that codim (M ι

x ) ≤ n+3
4 ;

(2) If r ≥ n+7
4 and if n is odd, then there exists an involution ι ∈ Z

r
2 such that

codim (M ι
x ) ≤ n−1

2 .

Proof Consider the isotropy representation ρ : Z
r
2 → Z

n
2 at x . Recall that the Ham-

ming weight of the image of an involution equals the codimension of its fixed-point
set.
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For Part (2), if all codimensions are at least n+1
2 , then the Griesmer bound implies

n ≥
r−1∑
i=0

⌈
n + 1

2i+1

⌉
≥ n + 1 − n + 1

2r
.

Since r ≥ n+7
4 , this implies

log2(n + 1) ≥ n + 7

4
.

This is a contradiction for all n ≥ 3, so Part (2) follows.
Finally, we prove Part (1) using a combination of Theorem 1.2, an elementary

estimate due to Hamming, and the use of code tables for small n. Assume that
codim (M ι

x ) > n+3
4 for all non-trivial ι ∈ Z

r
2.

First assume n ≥ 128. By assumption, |ρ(ι)| ≥ 1
4n for all non-trivial ι ∈ Z

r
2, so we

may apply Theorem 1.2 with δ = 1
4 . The theorem implies that

r ≤ (1 − H(J (δ))) n + 1.5 log2 n + log2

(
1 − J (δ)

J (δ)

)
+ 1.5.

A calculation shows that 1 − H(J (δ)) < 0.4 and that the sum of the two constant
terms is less than 2.772. Combining this inequality with the estimate r ≥ n+1

2 , we
have

n + 1

2
≤ 0.4n + 1.5 log2 n + 2.772.

One can see that this inequality fails for n ≥ 128, so this completes the proof of
Part (1) for values in this range.

Next, suppose that 68 < n < 128. The elements in ρ(Zr
2) ⊆ Z

n
2 have mutual

distance at least n+4
4 . In particular, the (closed) Hamming balls of radius t = ⌊ 1

2

⌈ n
4

⌉⌋
around each of these 2r points are disjoint. Since the volume of each of these balls is
larger than (

n

t

)
+

(
n

t − 1

)
,

we obtain the estimate

2n > 2r
((

n

t

)
+

(
n

t − 1

))
,

which is essentially the Hamming bound from the theory of error correcting codes.
Now r ≥ ⌈ n+1

2

⌉
, so we obtain

n −
⌈
n + 1

2

⌉
> log2

((
n

t

)
+

(
n

t − 1

))
.

Calculating both sides for all values of n in this range, we obtain a contradiction. This
finishes the proof of Part (1) for all n > 68.
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Finally, for n ≤ 68, we note that it suffices to consider the case r = ⌈ n+1
2

⌉
since

d(n, r) is non-increasing in r . For values of n in this range, we use the code tables
included in Appendix A to conclude that some involution exists with weight equal to
d(n, r) with r = ⌈ n+1

2

⌉
and moreover that d(n, r) ≤ n+3

4 . This completes the proof
of Part (1). ��

In the proof of the following lemma we use the technique of shortening, which we
now describe. Let ρ : Z

r
2 → Z

n
2 denote the isotropy representation of Z

r
2 in Z

n
2 and

let ι1 ∈ Z
r
2. Without loss of generality, we may assume that the first component of

ρ(ι1) is non-trivial. Let ker(π1 ◦ ρ) = Z
r−1
2 ⊆ Z

r
2 denote the kernel of π1 ◦ ρ, where

π1 : Z
n
2 → Z2 is the projection onto the first component. Let ρ̄ : Z

r−1
2 → Z

n−1
2 be

the composition of ρ|ker(π1◦ρ) with the projection onto the last n − 1 components. By
our choice of subspace, we have |ρ(ι)| = |ρ̄(ι)| for ι ∈ ker(π1 ◦ ρ). In particular, it
follows that d(n, r) ≤ d(n − 1, r − 1).

Lemma 1.5 Let ρ : Z
r
2 ↪→ Z

n
2 . Then the following hold:

(1) If n = 6 and r ≥ 4, if n ∈ {10, 12} and r ≥ 5, or if n ∈ {14, 15} and r ≥ 8, then
there exist distinct, non-trivial involutions ι1 and ι2 whose images have weight at
most

⌊ n
2

⌋ − 1.
(2) If n = 11 and r ≥ 5, there there exists a non-trivial involution τ with |ρ(τ)| ≤ 3 or

there exist distinct, non-trivial involutions τ1 and τ2 such that |ρ(τ1)| = |ρ(τ2)| =
4 and |ρ(τ1τ2)| < 8.

Remark 1.6 In Part (2), it may not be possible for any choice of τ1 whose image has
weight four to choose a τ2 so that the conclusion is satisfied, as the following example
shows. For the map Z

5
2 → Z

11
2 given by

ι1 
→ (1, 1, 1, 1, 0, 0, 0, 0, 0, 0, 0)
ι2 
→ (1, 1, 0, 0, 1, 1, 1, 1, 1, 1, 1)
ι3 
→ (0, 0, 0, 0, 1, 1, 1, 1, 0, 0, 0)
ι4 
→ (0, 0, 0, 0, 1, 1, 0, 0, 1, 1, 0)
ι5 
→ (0, 0, 0, 0, 1, 0, 1, 0, 1, 0, 1)

the image of ι1 has weight four, but there is no involution of weight three and there is
no second involution of weight four whose product with ι1 has weight less than eight.
Note however the conclusion still holds by choosing τ1 = ι3 and τ2 = ι4, for example.

Proof of Lemma 1.5 For Part (1), we apply the shortening technique to find an ι2 /∈ 〈ι1〉
such that |ρ(ι2)| is atmostd(5, 3)whenn = 6or atmostd(n−1, 7)whenn ∈ {14, 15}.
A direct computation or an application of the Griesmer bound shows that d(5, 3) ≤ 2
and d(13, 7) ≤ d(14, 7) ≤ 6, as needed.

For Part (2), we apply the shortening technique to find an ι2 /∈ 〈ι1〉 such that
|ρ(ι2)| ≤ d(n − 1, 4). Again a direct computation or an application of the Griesmer
bound shows that d(11, 4) ≤ 5, d(10, 4) ≤ 4, or d(9, 4) ≤ 4, as needed.

We now prove Part (3). Assume r = 5 and n = 11. Using the shortening technique
as above, choose a non-trivial ι2 ∈ Z

5
2 such that |ρ(ι2)| ≤ d(10, 4) = 4. If |ρ(ι2)| ≤ 3,

123
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then Part (3.a) holds, and if |ρ(ι2)| ≤ 4 and |ρ(ι1ι2)| < 8, then Part (3.b) holds for the
pair (ι1, ι2). Therefore we may assume that |ρ(ι2)| = 4 and |ρ(ι1ι2)| = 8. Note that
the latter condition implies that ρ(ι1) and ρ(ι2) have no non-trivial entries in common.

We now perform the shortening technique to the first non-trivial entries of ρ(ι1)

and ρ(ι2). That is, we let ker(π1,2 ◦ ρ) = Z
3
2 ⊆ Z

5
2 denote the kernel of π1,2 ◦ ρ,

where π1,2 : Z
11
2 → Z

2
2 is the projection onto the first non-trivial components of both

ι1 and ι2. Let ρ̄ : Z
3
2 → Z

9
2 be the composition of ρ|ker(π1,2◦ρ) with the projection

onto the remaining 9 components. Then there exists an ι3 ∈ ker(π1,2 ◦ ρ) such that
|ρ(ι3)| ≤ d(9, 3), which again can be easily shown to be at most four. If |ρ(ι3)| ≤ 3,
then Part (3.a) holds. Otherwise ρ(ι3) has weight four and, since n = 11, Part (3.b)
holds for the pair (ι1, ι3) or (ι2, ι3). ��

2 Results from the theory of transformation groups

The model spaces that motivate our theorems have singly generated cohomology with
coefficients in Z2. By the work of Adams [1], such spaces have the Z2-cohomology of
a sphere, a real, complex, or quaternionic projective space, or the Cayley plane. Given
a Z2-torus action on such a space, the fixed-point set components are also one of these
spaces at the level of Z2-cohomology. Indeed, the classical result of Smith in the case
of spheres states the following (see Smith [29] or Theorem II.5.1 in Bredon [7]).

Theorem 2.1 [29] If G is a 2-group which acts on a smooth manifold Mn with the
Z2-cohomology of Sn, then MG is a Z2-cohomology r-sphere for some −1 ≤ r ≤ n.

Here r = −1 is simply convenient notation for the case where G has no fixed
points. For the other singly generated spaces, the proof in the rational case is due to
Bredon. For the Z2-case, the result is the following (see Theorem VII.3.2 in [7]).

Theorem 2.2 [7] Let M be a closed manifold with theZ2-cohomology ofRPn,CPn, or
HPn with n ≥ 2. If Z2 acts smoothly and effectively on M with non-empty fixed-point
set F, then one of the following occurs:

(1) F is a Z2-cohomology RPn and M is a Z2-cohomology CPn.
(2) F is a Z2-cohomology CPn and M is a Z2-cohomology HPn.
(3) F has two components, F1 and F2, and if M is a Z2-cohomology FPn, then each

Fi is a Z2-cohomology FPni such that n = n1 + n2 + 1, where ni ≥ 0.

Theorem 2.2 allows us to compute the maximal Z2-symmetry rank of spheres and
projective spaces. This result is probably well-known, but we remark that our proof
uses induction over n and Lemma 1.4, our error correcting codes estimate.

Theorem 2.3 Let Z
r
2 act smoothly and effectively on a smooth, closed manifold M

with a fixed point. Then the following hold:

(1) If n ≥ 0 and M is a Z2-cohomology RPn or Sn, then r ≤ n.
(2) If n ≥ 1 and M is a Z2-cohomology CPn, then r ≤ n + 1.
(3) If n ≥ 2 and M is a Z2-cohomology HPn, then r ≤ n + 2.
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Proof Part (1) is immediate. Indeed, the isotropy representation at a fixed point x
induces an injective map Z

r
2 ↪→ Z

n
2 and hence the upper bound follows.

Now, we prove Part (2) by induction on n. The base case n = 1 holds by Part (1)
since CP1 = S2. For the induction step, we choose a non-trivial ι ∈ Z

r
2 such that

N := M ι
x is of maximal dimension. Since the action is effective, Theorem 2.2 implies

that N has the Z2-cohomology of either RPn or CPk for some k ≤ n − 1. Note that
since Z

r
2 is abelian and x is a fixed point of the action, Z

r
2 acts on N . By maximality

of N , the kernel of this action is Z2 and hence N admits an effective Z
r−1
2 -action with

non-empty fixed-point set. Now, if N has the Z2-cohomology of RPn , then the result
follows by Part (1). If instead N has the Z2-cohomology of CPk for some k ≤ n − 1,
then the induction hypothesis implies that r ≤ n + 1, as claimed.

Next, we prove Part (3) by induction on n. For the base case, it suffices to show that
Z
5
2 cannot act effectively andwith non-emptyfixed-point set on aZ2-cohomologyHP2.

Suppose, to obtain a contradiction, that there exists such a Z
5
2-action on a manifold M

with the Z2-cohomology of HP2. By Part (1) of Lemma 1.4, there exists non-trivial
ι ∈ Z

5
2 such that N := M ι

x has codimension atmost two.But N has theZ2-cohomology
of HP0, HP1, or CP2 by Theorem 2.2, giving us the desired contradiction.

For the induction step, we argue exactly as in the proof of Part (2). Again, choose
non-trivial ι ∈ Z

r
2 such that N := M ι

x is of maximal dimension. By Theorem 2.2, it
follows that N has the Z2-cohomology of either CPn or HPk for some k ≤ n − 1.
Hence it follows either by the induction hypothesis or by Part (2), respectively, that
r ≤ n + 2, as claimed. ��

3 Applications of the Connectedness Lemma

In this section, we recall Wilking’s Connectedness and Periodicity Lemmas. Together
these imply a strong cohomological condition on totally geodesic submanifolds in
positively curved manifolds. We then generalize a result in [21] that allows us to lift
this periodicity to the ambient manifold. Finally we pull together these results and
other previous work to prove, in some cases, that the existence of a totally geodesic
submanifold of codimension at most four implies a computation of the homotopy type
of the ambient manifold.

We begin by recalling the definition of k-periodicity.

Definition 3.1 (k-periodicity) Let Mn be a connected, n-dimensional manifold. We
say that x induces k-periodicity, or Mn has k-periodic cohomology provided there

exists x ∈ Hk(Mn; Z) such that the homomorphism Hi (Mn; Z)
∪x→ Hi+k(Mn; Z) is

surjective for 0 ≤ i < n − k and injective for 0 < i ≤ n − k.

3.1 Wilking’s Connectedness and Periodicity Lemmas

We recall the Connectedness Lemma of [34].

Connectedness Lemma [34] Let Mn be a closed Riemannian manifold with positive
sectional curvature. The following hold:
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(1) If Nn−k is a closed, totally geodesic submanifold of M, then the inclusion map
Nn−k ↪→ Mn is (n − 2k + 1)-connected.

(2) If Nn−k1
1 and Nn−k2

2 are closed, totally geodesic submanifolds of M with k1 ≤ k2
and k1 + k2 ≤ n, then the inclusion Nn−k1

1 ∩ Nn−k2
2 ↪→ Nn−k2

2 is (n − k1 − k2)-
connected.

We also recall Lemma 2.2 of [34].

Periodicity Lemma [34] If an inclusion Nn−k ↪→ Mn of closed, orientable manifolds
is (n−k−
)-connected with n−k−2
 > 0, then there exists e ∈ Hk(M; Z) such that

the homomorphism Hi (M; Z)
∪e→ Hi+k(M; Z) is a surjection for i = 
, an injection

for i + k = n − 
, and an isomorphism everywhere in between.

3.2 Lifting periodicity

In a typical application of the Connectedness Lemma and the Periodicity Lemma, one
has a totally geodesic submanifold with periodic cohomology, and one wants to lift
this periodicity to the ambient manifold. One instance of this is the following direct
consequence of Theorem 1 of Wilking [34].

Theorem 3.2 [34] Let Nn−k ⊆ Mn be a totally geodesic embedding of closed, simply
connected, positively curved manifolds such that k ≤ n+3

4 . If N has the cohomology
of a sphere, complex projective space, or quaternionic projective space, then the same
holds for M. Moreover, k is even in the case of complex projective spaces, and k is
divisible by four in the case of quaternionic projective spaces.

Avariant of the above situation that arises frequently involves the case of two closed,
totally geodesic submanifolds, N1 and N2, one of which has periodic cohomology.
In order to conclude that Mn also has periodic cohomology, one requires further use
of the Connectedness Lemma. If the codimensions satisfy 2k1 + 2k2 ≤ n, this was
accomplished in [21]. The following proposition shows that one can relax this bound
somewhat. Even though the improvement is minimal, we need this version later.

Proposition 3.3 Let Mn be a closed, simply connected, positively curved Riemannian
manifold. Suppose that Nn−k1

1 and Nn−k2
2 are two closed, totally geodesic submani-

folds of M with k1 ≤ k2. Let R be Z or Zp, for some prime p. The following hold:

(1) Suppose that 4k1 ≤ n+3 and k1+2k2 ≤ n+1. If N2 is an R-cohomology sphere,
then so is M.

(2) Suppose that 4k1 ≤ n + 3 and g + k1 + 2k2 ≤ n + 3 for some g ≥ 2 that divides
k1. If N2 has g-periodic R-cohomology, then so does M.

We remark that 1-periodic cohomology is equivalent to being a homology sphere
for simply connected manifolds. Therefore Part (1) may be viewed as the g = 1 case
of Part (2), with a slight adjustment on the assumptions on the codimensions. In Part
(2), the case where g = 2 follows directly from Lemma 7.2 of [34]. We further note
that, with a modification of the proof, one can remove the condition that g divides k1
in Part (2).
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Proof of Proposition 3.3 We begin with the proof of Part (1). Note that M is a Z-
cohomology sphere if and only if it is a Zp-cohomology sphere for all primes p, by
the Universal Coefficients Theorem. Therefore, the result for R = Z follows from the
result for R = Zp for all p. Therefore we may assume R = Zp for an arbitrary fixed
prime p.

Note that by the Connectedness Lemma, the inclusion N2 ↪→ M is (n − 2k2 + 1)-
connected and hence at least k1-connected by the assumption k1 + 2k2 ≤ n + 1.
This, together with the assumption that N2 is a Zp-cohomology sphere, implies that
Hi (M; Zp) = 0 for 1 ≤ i ≤ k1.

Now, choose e1 ∈ Hk1(M; Zp) as in the Periodicity Lemma applied to the inclu-
sion N1 ↪→ M . In particular, multiplication by e1 induces injections Hi (M; Zp) →
Hi+k1(M; Zp) for k1−1 < i ≤ n−2k1+1. Now Hk1(M; Zp) = 0, so e1 = 0. Hence
the groups Hi (M; Zp) = 0 for 1 ≤ i ≤ n− 2k1 + 1. By the assumption 4k1 ≤ n+ 3,
it follows that Hi (M; Zp) = 0 for all 1 ≤ i ≤ ⌊ n

2

⌋
. By Poincaré Duality, M is a

Zp-homology sphere. This completes the proof of Part (1).
We now prove Part (2). As mentioned above, the case where g = 2 follows directly

from Lemma 7.2 of [34], so we assume g ≥ 3. Let R beZ orZp for some prime p. We
abbreviate H∗(M; R) by H∗(M). We claim that the map ι∗ : Hk1(M) → Hk1(N2)

induced by inclusion is an isomorphism. In order to prove this, note that ι∗ is an
isomorphism in degree i for i ≤ n − 2k2 by the Connectedness Lemma. Since g ≥ 3,
we have k1 ≤ n − 2k2 and hence the claim follows.

Choose x2 ∈ Hg(N2) inducing g-periodicity. By Part (1), we may assume x2
is non-zero. In particular, powers of x2 are also non-zero until the top degree. Let
x1 ∈ Hg(M) be a pre-image of x2 under the map ι∗ : Hg(M) → Hg(N2). Next, note
that e2 = xk1/g2 ∈ Hk1(N2) also induces periodicity. Since ι∗ is an isomorphism in
degree k1, we can choose a pre-image e1 ∈ Hk1(M) of e2 under ι∗, and we have that
e1 = xk1/g1 .

To finish the proof, we claim that x1 induces periodicity in H∗(M). That is, wemust
show that the map Hi (M) → Hi+g(M) induced by multiplication by x1 is surjective
for 0 ≤ i < n−g and injective for 0 < i ≤ n−g. We break the proof into cases. Note
that for the two sets of i-values that appear in both Cases 1 and 2 and in both Cases
2 and 3, respectively, we show injectivity in the first of these cases and surjectivity in
the second of these cases.

Case 1: 0 ≤ i ≤ k1 − 1.
By the naturality of cup products, we have the following commutative diagram:

Hi (M) Hi+g(M)

Hi (N2) Hi+g(N2).

∪x1

ι∗ ι∗
∪x2

For 0 ≤ i < k1 − 1, periodicity in H∗(N2) implies that multiplication by x2 is
surjective. In addition, the assumption g + k1 + 2k2 ≤ n + 3 and the Connectedness
Lemma imply that the first vertical map is an isomorphism and that the second vertical
map is injective. Therefore multiplication by x1 is surjective in this range.
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For 0 < i ≤ k1 − 1, we have similarly that multiplication by x2 is an isomorphism
and that the vertical map on the left is an isomorphism, so multiplication by x1 is
injective in this range.

Case 2: k1 − 1 ≤ i ≤ n − k1 − g + 1.
Since e1 generates Hk1(M), it satisfies the conclusion of the Periodicity Lemma

applied to the inclusion N1 ↪→ M . Now consider the maps

Hi (M)
∪x1−→ Hi+g(M)

∪x
k1
g −1

1−→ Hi+k1(M)
∪x1−→ Hi+k1+g(M).

The composition f1 of the first two maps is the same as multiplication by e1 as is the
composition f2 of the last two maps.

First, for k1 −1 ≤ i < n−2k1 +2− g, f1, and hence multiplication by the middle
map, is surjective. In addition, f2 is injective on this range, so in fact the middle map
is an isomorphism. It now follows that the first map is surjective on this range.

Second, for 2k1 − g − 1 ≤ i < n − k1 − g + 1, we only have to focus on the
composition of the last two maps and shift indices down by g. Since multiplication by
e1 is surjective for this range of values of i , so is the second map in this composition.

So far, we have shown that multiplication by x1 is surjective for k1 − 1 ≤ i <

n − k1 − g + 1. Indeed the assumption 4k1 ≤ n + 3 implies that we have covered
the full range of indices. The proof of injectivity is analogous, based on the subcases
k1 − 1 < i ≤ n − 2k1 + 1 and i ≤ n − k1 − g + 1, so we omit it.

Case 3: n − k1 − g + 1 ≤ i ≤ n − g.
Consider the following commutative diagram:

Hi (M) Hn−i (M) Hn−i (N2) Hi−k2(N2)

Hi+k1(M) Hn−i−k1(M) Hn−i−k1(N2) Hi+k1−k2(N2)

P.D.

∪x1 ∩x1
ι∗

∩x2
P.D.

∪x2
P.D.

ι∗ P.D.

By our choice of x2, the map on the right-hand side, given by multiplication by
x2, induces a surjection for n − k1 − g + 1 ≤ i < n − g and an injection for
n − k1 − g + 1 < i ≤ n − g. Note in addition that the Poincaré Duality maps are
isomorphisms and that the bottommap induced by inclusion is an isomorphism in this
range by the Connectedness Lemma.

For n − k1 − g + 1 ≤ i < n − g, this is enough to see that the surjectivity of
multiplication by e2 implies that multiplication by e1 is surjective.

For n−k1−g+1 < i ≤ n−g, we note in addition that the assumption g+k1+2k2 ≤
n+3 implies that the top map induced by inclusion is surjective by the Connectedness
Lemma. It follows that multiplication by x1 is injective in this range.

By putting together the conclusions in Cases 1–3, it follows that multiplication by
x1 induces a map Hi (M) → Hi+g(M) that is surjective for 0 ≤ i < n − g and
injective for 0 < i ≤ n − g. Therefore M has g-periodic integer cohomology, as
claimed. ��
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3.3 From periodic cohomology to homotopy type

In this section, we demonstrate how to transition from 1-, 2-, 3-, or 4-periodic coho-
mology to a computation of the homotopy type. This requires additional assumptions
and, we note, cannot always be accomplished. In particular, knowing that a four-
periodic cohomology ring looks like that of HPk is, in general, not enough to allow
us to conclude rigidity up to homotopy equivalence.

The proof strategy is always to compute the fundamental group and the cohomology
of the universal cover.When these invariants agree with a sphere, real projective space,
lens space, or complex projective space, we automatically get homotopy rigidity by
applying the following theorem,which combines some results in the existing literature.

Theorem 3.4 Let Mn be a closed, smooth manifold, and let M̃n denote the universal
cover. The following hold:

(1) If π1(M) is cyclic and M̃ is a cohomology sphere, then M is homotopy equivalent
to Sn, RPn, or Sn/Zl for some l ≥ 3. In the last case, n is odd; and

(2) If M is simply connected and has the cohomology of CP
n
2 , then M is homotopy

equivalent to CP
n
2 .

Proof Statement (1) in the simply connected case follows from the classical theorems
of Hurewicz and Whitehead. The case where π1(M) ∼= Z2 can be reduced to the
sphere case by a geometric argument of Hirsch and Milnor in [20]. The case with
|π1(M)| ≥ 3 is much more difficult and follows from results in non-simply connected
surgery theory. First note that n = 2m−1 in this case since homology spheres in even
degrees admit no free action by groups of order larger than two. Second, in Chapter
14.E of Wall [32], it is shown that the homotopy classes of closed (2m−1)-manifolds
with fundamental group ZN and universal cover homotopy equivalent to S2m−1 are in
one-to-one correspondence with the units in ZN . Third, it is shown in Chapter 14.E in
[32] that, for any unit d ∈ ZN , the classical lens space S2n−1/ZN defined by the the
action

ω · (z1, z2, . . . , zn) =
(
ωd z1, ωz2, . . . , ωzn

)

corresponds to the unit d ∈ ZN under this correspondence. Combining the last two
observations, it follows that M is homotopy equivalent to a (classical) lens space.

Statement (2) is also well known. Using the Brown representability theorem, we
may choose a map f : Mn → CP∞ that pulls back the generator in H2(CP∞; Z) to
the generator of H2(M; Z). Using the CW approximation theorem, wemay homotope
f to a map into CP

n
2 in such a way that the pullback also satisfies this property on

the second cohomology group. But now f induces an isomorphism on cohomology
as a result of the cup product structure, an isomorphism on homology by the universal
coefficients theorem, and finally on homotopy by Hurewicz’s theorem. Whitehead’s
theorem now implies that f is a homotopy equivalence. ��

As alluded to earlier, we remark that we do not know if similar cohomology-
to-homotopy results hold for quaternionic projective space, or for CP2m+1/Z2 or
spherical space forms with non-cyclic fundamental groups. This uncertainty is the
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reason why Conclusion (2) in Theorem C does not include a claim on the homotopy
type (see also Theorem 6.1).

Finally, we prove an analog of Theorem 3 of [34]. Recall that in Theorem 3 of [34],
it is shown that a smooth torus action on a (4m)-dimensional integral cohomology
quaternionic space has rank at most m + 1 and in the equality case, the manifold is
homeomorphic to HPm . Here we prove an analog for CP2n+1/Z2.

Theorem 3.5 Let M4m+2 be a closed, smooth manifold whose universal cover is a
rational cohomologyCP2m+1 and whose fundamental group isZ2. If T r acts smoothly
and effectively on M, then r ≤ m + 1.

Proof Since M has positive Euler characteristic, the torus action has a fixed point. In
particular, we may lift the torus action to the universal cover M̃ by Theorem I.9.1 in
[7] to obtain an action that commutes with the Z2-action by deck transformations. To
prove the theorem, we actually prove the following statement: A closed manifold P
that is a rational cohomology CP2m+1 and admits commuting actions by a torus T r

and by Z2, where the Z2 acts freely, satisfies r ≤ m + 1.
First, ifm = 0, then P has dimension two and is a rational cohomology CP1 = S2.

Hence P is diffeomorphic to S2 and r ≤ 1.
We may now assume m ≥ 1 and proceed by induction. Choose S1 ⊆ T r and a

fixed-point set component Q ⊆ P of maximal dimension. Note that there are fixed
points since χ(P) = χ(CP2m+1) > 0, and that Q is a rational cohomology CPk for
some k < 2m + 1 by Theorem 3.1 in Bredon [6]. In addition, Q admits a smooth,
effective T r−1-action by maximality, and this action has a fixed point. In particular,
r − 1 ≤ k. If k ≤ m, then this already implies the claimed upper bound, so we may
assume that k ≥ m + 1. By Theorem 3.1 in [6] again, together with the fact that the
sum of the Euler characteristics of the fixed-point set components of the S1 agrees
with that of P , we see that Q is the unique fixed-point set component of S1 with
dim(Q) > dim(P)/2. In particular, the induced, free Z2-action on the fixed-point
set of S1 restricts to a free Z2-action on Q. Hence Q has even Euler characteristic,
which implies that k is odd and k = 2l + 1 ≤ 2m − 1. By the induction hypothesis,
r − 1 ≤ l + 1, so we conclude r ≤ l + 2 ≤ m + 1, as desired. ��

3.4 The Borel Formula

We first recall the Borel Formula which plays an essential role in the proof of Theorem
6.1 and hence in the proof of Theorem C.

Borel Formula [8] LetZr
2 act continuously on M, a Poincaré duality space, with fixed-

point set component F. Then

codim (F ⊆ M) =
∑

codim (F ⊆ F ′)

where the sum runs over fixed-point set components F ′ of corank one subgroups
Z
r−1
2 ⊆ Z

r
2 for which dim(F ′) > dim(F).

These subgroups are the kernels of the irreducible subrepresentations. In particular,
the number of pairwise inequivalent irreducible subrepresentations of the isotropy
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representation at a normal space to F is at least r if the action is effective. Moreover,
equality holds only if the isotropy representation is equivalent to one of the form

(ε1, . . . , εr ) 
→ diag(ε1 Im1 , . . . , εr Imr )

where εi ∈ {±1}, mi > 0 denote the multiplicities, Im denotes the identity matrix of
rank m.

The simplicity of the representation when it has a minimal number of irreducible
subrepresentations leads to the following observation.

Observation 3.6 Let F
m j
j be the fixed-point set of a Z

r− j
2 -action by isometries on a

closed, positively curved manifold, and suppose that r − j ≥ 2. If the isotropy repre-
sentation has exactly r − j irreducible subrepresentations, and if the fixed-point set
component Fj+1 containing Fj of someZ

r− j−1
2 has the property that the codimension

k j of the inclusion Fj ⊆ Fj+1 is minimal, then this inclusion is dim(Fj )-connected.

Proof of Observation 3.6 By theBorel Formula, Fj equals the intersection of r− j pair-
wise transverse submanifolds, which are Fix(ι1), . . . ,Fix(ιr− j ). In turn, this means
Fj is the transverse intersection of Fj+1 and some other fixed-point set component

of another copy of Z
r−( j+1)
2 , say F ′

j+1, inside the fixed-point set component of some

Z
r− j−2
2 . Since codim (Fj ⊆ Fj+1) is minimal, Part (2) of the Connectedness Lemma

implies that Fj ⊆ Fj+1 is dim(Fj )-connected.
��

3.5 The small codimension lemmas

We proceed now to the lemmas we use directly later in the paper. We note that many
of these results are already known in the simply connected case by work in Section 7
of [34]. In particular, the first is well-known and the simply connected case follows
from Lemma 7.1 in [34].

Codimension One Lemma Let Mm+1 be a closed, positively curved Riemannian man-
ifold. Suppose Nm is a closed, totally geodesic submanifold of M, then Nm is homotopy
equivalent to Sm or RPm. In particular, Mm+1 is homotopy equivalent to Sm+1 or
RPm+1.

Note that in the special case where N arises as the fixed-point set component of an
isometricZ2-action, the stronger conclusion that N and M are diffeomorphic to one of
these spaces follows fromTheorem 4.1. Here we only need the Connectedness Lemma
and the Periodicity Lemma, and include the proof for the sake of completeness.

Proof of the Codimension One Lemma We lift to the universal cover M̃ , and let
π−1(N ) ⊆ M̃ denote the preimage of N . By the Connectedness Lemma, π−1(N )

is simply connected and hence the universal cover of N , so π−1(N ) = Ñ . In addi-
tion, the fact that N ⊆ M is m-connected implies that Ñ ⊆ M̃ is m-connected since
covering projections induce isomorphisms on higher homotopy groups.
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The Periodicity Lemma implies that multiplication by some e ∈ H1(M̃; Z) induces
maps Hi (M̃; Z) → Hi+1(M̃; Z) that are surjections for 0 ≤ i < m and injections
for degrees 0 < i ≤ m. Since M̃ is simply connected, it follows that M̃ is a coho-
mology sphere. The same holds for Ñ by the Connectedness Lemma. Finally since
π1(N ) ∼= π1(M) by the Connectedness Lemma, and since either N or M has even
dimension, these fundamental groups are either trivial or Z2. It follows that N is
homotopy equivalent to Sm or RPm by Part (1) of Theorem 3.4. ��

The following lemma is similar to the Codimension One Lemma. Part (1) follows
from Corollaries 1.7 and 1.9 in Frank, Rong, andWang [13]. Moreover, in the simply-
connected case, the result follows fromLemma 7.1 and Parts (1) and (2) of Proposition
7.3 in [34].

Codimension Two Lemma Let Mm+2 be a closed, positively curved Riemannian man-
ifold. Suppose Nm is a closed, totally geodesic submanifold of M. Assume one of the
following holds:

(1) M is odd-dimensional;
(2) The inclusion Nm ⊆ Mm+2 is m-connected; or
(3) Mm+2 admits a Z

2
2 action such that Nm is a fixed-point set component of one

involution and such that there is a second involution whose fixed-point set has a
component N ′ with codimension at most m+1

2 ;

then Nm is homotopy equivalent to Sm, RPm, CP
m
2 , or a lens space. In particular,

Mm+2 is homotopy equivalent to Sm+2, RPm+2, CP
m
2 +1, or a lens space.

Proof First, suppose that M satisfies Part (1). Then the result follows by Corollaries
1.7 and 1.9 in Frank, Rong, and Wang [13].

As in the proof of the Codimension One Lemma, we lift to the universal covers M̃
and Ñ .We now suppose that N satisfies Part (2). This means that the inclusion Ñ ⊆ M̃
is also m-connected and hence H∗(M̃; Z) is two-periodic by the Periodicity Lemma.
Since M̃ is simply connected, it follows from the definition of two-periodicity that M̃
is a cohomology sphere or CP

m
2 +1. Correspondingly, Ñ is a cohomology sphere or

CP
m
2 by the Connectedness Lemma. In the former case, π1(N ) ∼= π1(M) is cyclic

by Synge’s theorem and Corollary 1.9 in [13], so N is homotopy equivalent to Sm ,
RPm or to Sm/Zk for some k ≥ 3. In the latter case, either Ñ or M̃ has odd Euler
characteristic and hence does not admit a free Z2-action. Hence π1(N ) ∼= π1(M) is
trivial and N � CP

m
2 . This completes the proof of Part (2).

We now prove the theorem assuming Part (3). Let ι1 denote the involution fixing
Nm , and let ι2 be any other non-trivial involution in Z

2
2. By replacing ι2 by ι1ι2, if

necessary, we may assume that the fixed-point set component N ′ of ι2 either intersects
transversely with N or has the property that the codimension of N ∩ N ′ in N ′ is one.

In the former case, the Connectedness Lemma, the Periodicity Lemma, and Part
(2) imply that N ′ is homotopy equivalent to Sm/Zl for some l ≥ 1 or to CP

m
2 . In the

latter case, N ′ is homotopy equivalent to a sphere or to a real projective space by the
Codimension One Lemma. The same conclusions hold for M and N by Proposition
3.3 and the Connectedness Lemma, respectively, so the proof is complete. ��
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Note that with only the hypothesis that N is a closed, totally geodesic submanifold
of M , a closed, positively curved Riemannian manifold, the Connectedness Lemma
only tells us that Nm ⊆ Mm+2 is (m−1)-connected.When Nm is additionally a fixed-
point set component of an isometric circle action, then the inclusion is m-connected
and Part (2) of the Codimension Two Lemma holds. Alternatively, in this case, one
may apply the classification result of Grove and Searle [15] (see also Lemma 4.1 in
[2]).

To prove our main theorems, we also require results involving both codimension
three and four totally geodesic inclusions.

Codimension Three Lemma Let Mm+3 be a closed, positively curved Riemannian
manifold. Suppose Nm is a closed, totally geodesic submanifold of M. Suppose that:

(1) For m ≥ 3, the inclusion Nm ⊆ Mm+3 is m-connected; or
(2) For m ≥ 6, Mm+3 admits aZ

2
2 action such that N

m is a fixed-point set component
of one involution and such that there is a second involution whose fixed-point set
component N ′ has codimension at most m+1

2 ;

then, Nm is homotopy equivalent to Sm or RPm. In particular, Mm+3 is homotopy
equivalent to Sm+3 or RPm+3.

Proof Note that in Parts (1) and (2), π1(N ) ∼= π1(M) by the Connectedness Lemma,
and that one, and hence both, of these fundamental groups must be trivial or Z2 by
Synge’s theorem. Combined with Theorem 3.4, it suffices to show that the universal
cover of Nm , Ñm , is a cohomology sphere. We lift to the universal covers M̃ and Ñ
as in the proofs of the previous two lemmas.

If Part (1) holds, then Ñ ⊆ M̃ is also m-connected. By the Periodicity Lemma,
we have both that e generates H3(M̃; Z) and that the map H3(M̃; Z) → H6(M̃; Z)

given by multiplication by e is injective. Combined with the graded commutativity
of the cup product, we find that 2e = 0 and hence that H3(M̃; Z) is either zero or
Z2. In the latter case, the image ē under the natural map H3(M̃; Z) → H3(M̃; Z2)

is non-trivial by the Bockstein sequence and induces three-periodicity in H∗(M̃; Z2).
By the Z2-periodicity theorem [21, Proposition 1.3], there is moreover an element of
degree one inducing periodicity in H∗(M̃; Z2). But H1(M̃; Z2) = 0 because M̃ is
simply connected, so M̃ must be a Z2-homology sphere in contradiction to the fact
that ē �= 0, so this case does not occur. In the former case, where H3(M̃; Z) = 0,
we have that e = 0. Since e induces periodicity, M̃ is a homology sphere. By the
Connectedness Lemma, the same holds for Ñ .

To prove the result assuming Part (2), let F = N ∩N ′. Again we lift to the universal
covers M̃ , Ñ , Ñ ′, and F̃ .

Assume first that the Z
2
2-action on the normal space to F has exactly two pairwise

inequivalent irreducible subrepresentations. The submanifolds N and N ′ intersect
transversely, and the same is true for Ñ and Ñ ′. Assuming codim (Ñ ′) ≥ 3, the inclu-
sion F̃ ⊆ Ñ ′ is dim(F̃)-connected by the Connectedness Lemma, Ñ ′ is a homology
sphere by Part (1), M̃ is a homology sphere by Proposition 3.3, and finally Ñ is a
homology sphere by the Connectedness Lemma. If codim (Ñ ′) < 3, then one argues
similarly starting with the inclusion F̃ ⊆ Ñ and applying either the Codimension One
Lemma or Codimension Two Lemma to that inclusion.
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Assume instead that the Z
2
2 action has three pairwise inequivalent irreducible sub-

representations. In this case, there is a third fixed-point set component N ′′ such that
codim (F ⊆ N ′) and codim (F ⊆ N ′′) are positive integers summing to three by
Borel’s formula. In particular, F̃ is a homology sphere by theCodimensionOneLemma
and it follows that F ⊂ N ′ is at least (dim(F̃) − 1)-connected by the Connectedness
Lemma. Using a similar argument as in the first case where codim (N ′) ≥ 3, we see
that Ñ ′, M̃ , and Ñ are homology spheres. ��

Before we proceed, we require the following definition.

Definition 3.7 For each integer 
 ≥ 0,we denote by E4m+2

 a simply connected, closed

manifold with four-periodic cohomology ring satisfying

H∗(E4m+2

 ; Z) ∼= Z[x, y]/((y2 − 
x), xm+1, y2(m+1))

where deg x = 2 and deg y = 4.
Similarly, for each integer j ≥ 2, we let N 4m+2

j denote a closed, simply connected
manifold with four-periodic cohomology, and

H1(N 4m+2
j ; Z) ∼= H2(N 4m+2

j ; Z) ∼= 0 and H3(N 4m+2
j ; Z) ∼= H4(N 4m+2

j ; Z) ∼= Z j

Finally, for each integer j ≥ 2, we let N 4m+3
j denote a closed, simply connected

manifold with four-periodic cohomology, and Hi (N 4m+3
j ; Z) = 0 for all 0 < j <

4m + 3 divisible by four and Hi (N 4m+3
j ; Z) = 0 for all other 0 < j < 4m + 3.

Observe that E0 is a cohomology S2 × HPm and E1 is a cohomology CP2m+1.
Further, we note that while two of the conclusions of the following lemma include
E
 with 
 ≥ 2 or N j with j ≥ 2, the authors do not know whether such manifolds
actually exist nor if they do exist whether they admit a metric of positive sectional
curvature.

Codimension Four Lemma Suppose Nm ⊆ Mm+4 is an m-connected inclusion of
closed, positively curved manifolds. If m ≥ 4, then one of the following holds:

(1) Nm is a homotopy Sm/Zk for some k ≥ 1, CP
m
2 , or a cohomology HP

m
4 ;

(2) Ñm has the cohomology of Em

 or Nm

j , and m ≡ 2 mod 4; or

(3) Ñm has the cohomology of S3 × HP
m−3
4 or Nm

j , and m ≡ 3 mod 4.

Moreover, the same conclusions hold for M, with a slight modification to the formulas
for the dimensions.

Remark 3.8 The simply connected case is proved for m ≡ 0, 1 mod 4 in Lemma 7.1
in Wilking [34]. For the cases m ≡ 2, 3 mod 4, we note that Proposition 7.4 in [34]
neither implies nor is implied by these cases, but the statements are consistent.

Proof The computation of the cohomologygroups of the universal cover of Nm follows
by combining Poincaré Duality with the definition of four-periodicity, and the only
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possibilities for these cohomology groups are those listed. To finish the proof, we need
to consider the fundamental group.

Note that for the cases where Ñ is a cohomology CP
m
2 with m ≡ 0 mod 4 or

HP
m
4 , it is known for topological reasons that there is no free action by any non-trivial

group (see Example 4L.4 in Hatcher [18]). Hence π1(N ) is trivial in these cases,
and Conclusion (1) holds. For the case of CP

m
2 with m ≡ 2 mod 4, this falls under

Conclusion (2).
Suppose now that Ñ is a cohomology sphere. If m is even, then π1(N ) is either

trivial or isomorphic toZ2 by Synge’s theorem. If insteadm is odd, then wemay argue
as in Corollary 1.9 in [13] to conclude that π1(N ) is cyclic. It then follows that N is
homotopy equivalent to Sm/Zk for some k ≥ 1 by Theorem 3.4. ��

4 Proof of Theorem A

Our goal in this section is to prove Theorem A. The starting point is the following
result due to Fang and Grove (see [10]):

Theorem 4.1 [10] If a closed, positively curved manifold Mn admits an isometric
Z2-action with fixed-point set of codimension one, then M is diffeomorphic to Sn or
RPn.

Moreover, if the Z2-action extends to an isometric action by a group W generated
by involutions that have this property, then the diffeomorphism may be chosen to be
W-equivariant to a linear W-action.

To prove Theorem A, it suffices to prove that a Z
r
2-action on Mn having a fixed

point has the property that the Z
r
2 is generated by elements whose fixed-point set is

of codimension one. This is straightforward, but we include the proof for the sake of
completeness.

Lemma 4.2 Let Mn be an n-dimensional closed, smooth manifold admitting an effec-
tive, isometric Z

r
2-action fixing p ∈ M. Then r ≤ n, and in the case of equality, there

exist involutions ι1, . . . , ιn generating Z
n
2 such that codim (M ι

x ) = 1 for all i .

Proof Note that the isotropy representation at x is an injective map ρ : Z
r
2 ↪→

O(TxM) ∼= O(n). Moreover, the images of elements of Z
r
2 under ρ are symmet-

ric matrices, as they are orthogonal matrices of order two. Since these symmetric
matrices commute, they are simultaneously diagonalizable. This means that we may
conjugate ρ so that its image lies in the subgroup Z

n
2 ⊆ O(n) of diagonal matrices of

order two. Since ρ is injective, we have r ≤ n.
In the case of equality, after possibly pre-composing with an automorphism of

Z
n
2, we see that ρ is the identity map. In particular, there exists a generating set

ι1, . . . , ιn ∈ Z
n
2 as claimed by pulling back the standard basis of Z

n
2. ��

5 Proof of Theorem B

We begin this section with the proofs of two results on the fundamental group, the first
of which is used in the proof of Theorem B. The proofs illustrate again the utility of
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induction and error correcting codes in positive curvature. We finish this section with
a proof of Theorem B.

5.1 Fundamental group results

We first prove a Maximal Z2-Symmetry Rank lemma for positively curved manifolds
whose fundamental group does not agree with those of the sphere or real projective
space.

Lemma 5.1 If Z
r
2 acts isometrically on a closed, positively curved manifold Mn with

| π1(M)| > 2, and if the action has a fixed point, then r ≤ n+1
2 .

We note that the bound in Lemma 5.1 is optimal since equality is achieved by lens
spaces in all odd dimensions (see Sect. 7).

Proof of Lemma 5.1 Note by Synge’s theorem that the result holds vacuously for even
dimensions. In odd dimensions, it suffices to show that r ≥ n+3

2 implies |π1(M)| ≤ 2.
This holds for n = 3 by Theorem A, so we proceed by induction over n and assume
n ≥ 5.

By Part (1) of Lemma 1.4, the bound on r implies the existence of a fixed-point
set component N of an element ι ∈ Z

r
2 with the property that codim (N ) ≤ n+3

4 . In
particular, since n ≥ 5, we have π1(M) ∼= π1(N ) by the Connectedness Lemma. As
the result follows by the Codimension One Lemma if codim (N ) = 1, we assume
codim (N ) ≥ 2.

We also assume that N is maximal, and so N admits an effective, isometric Z
r−1
2

action with a fixed point. Combining the lower bounds on r and codim (N ), we see
that the induction hypothesis applies to N . Hence |π1(M)| = |π1(N )| ≤ 2. ��

We now prove a Maximal Z2-Symmetry Rank lemma for positively curved mani-
folds whose fundamental group does not agree with those of the sphere, real projective
space, or a lens space.

Lemma 5.2 If Z
r
2 acts effectively, isometrically, and with a fixed point on a closed,

positively curved manifold Mn such that π1(M) is not cyclic, then r ≤ n+5
4 .

We remark that the bound in Lemma 5.2 is again optimal, as equality is achieved
by spherical space forms S4r−5/� for any finite subgroup � ⊆ Sp(1) (see Sect. 7).

Proof As in the proof of Lemma 5.1, it suffices to show that if n is odd and r ≥ n+7
4 ,

then π1(M) is cyclic. This holds for n = 3 by Theorem A, so we assume that n ≥ 5
and proceed by induction on n.

By Part (2) of Lemma 1.4, there is a fixed-point set component of some ι ∈ Z
r
2 with

codimension ≤ n−1
2 . Without loss of generality, we may assume that N has maximal

dimension and hence admits an induced isometric and effective Z
r−1
2 action with a

fixed point. If codim (N ) ∈ {1, 3}, then π1(M) is trivial or Z2 by Synge’s theorem and
the Connectedness Lemma, and if codim (N ) = 2, then π1(M) is cyclic by Part (1)
of the Codimension Two Lemma. We may therefore assume codim (N ) ≥ 4. Using
the lower bounds on r and codim (N ), we see that the induction hypothesis applies to
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N , so π1(N ) is cyclic. The same now holds for π1(M) by the Connectedness Lemma
since codim (N ) ≤ n−1

2 . ��

5.2 The proof of Theorem B

We are now in a position to prove Theorem B, which is an immediate consequence of
Theorem 5.3 below.

Recall that we set
B = {4, 12} ∪ {3, 7, 11, 23},

and defined δB(n) to be one for n ∈ B and zero otherwise. TheoremB is a consequence
of the following theorem.

Theorem 5.3 Let Mn be a closed, positively curved manifold with n ≥ 2. Assume Z
r
2

acts on Mn and has a fixed point. If r ≥ n+1
2 + δB(n), then one of the following holds:

(1) M is homotopy equivalent to Sn or RPn.
(2) M is homotopy equivalent to CP

n
2 , r = n

2 + 1, and n /∈ B.
(3) M is homotopy equivalent to Sn/Z
 for some 
 ≥ 3, r = n+1

2 , and n /∈ B.

Proof We begin by outlining the strategy for the proof.
First, we compute the cohomology of the universal cover M̃ and the fundamental

group of M and show that it satisfies the hypotheses of Theorem 3.4. The conclusions
on the homotopy type of M then follow by Theorem 3.4.

Second, given the homotopy type, we obtain the values for r in Parts (2) and (3) as
follows: in Part (2), r ≥ n+1

2 combined with the upper bound of Part (2) of Theorem
2.3 imply r = n

2 + 1; similarly, for Part (3), r ≥ n+1
2 combined with the upper bound

in Lemma 5.1 gives us r = n+1
2 .

Third, the cases n ∈ {2, 3, 4} hold by Theorem A, so we assume that n ≥ 5.
Let x be a fixed point. By Part (1) of Lemma 1.4, there exists a non-trivial involution

ι ∈ Z
r
2 and a component Nn−k of the fixed-point set of ι such that k ≤ n+3

4 . In
particular, this implies that N admits an induced isometric, effective action by a Z

r−1
2

with a fixed point.
We now proceed to argue according to the codimension of N . There are four cases.

Case 1: Suppose k = 1.
Part (1) holds by the Codimension One Lemma.

Case 2: Suppose k = 2 and n is odd. Part (1) of the Codimension Two Lemma implies
that M̃ is a sphere and that π1(M) is cyclic. Hence Part (1) or Part (3) holds by the
comments at the beginning of the proof.

Case 3: Suppose (k, n) ∈ {(2, 6), (2, 14), (3, 15)}.
Notice in these cases that n − k ∈ {4, 12} and that we cannot apply the induction

hypothesis to N . From the bound on r , we have r ≥ 4 in the first case and r ≥
8 in the second and third cases. By Part (1) of Lemma 1.5, there exists a second
involution ι2 independent from ι such that its fixed-point set component containing x
has codimension at most 2 in the first case and at most 6 in the other two cases.
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Applying either Part (3) of the Codimension Two Lemma or Part (2) of the Codi-
mension Three Lemma, we find that Ñ is a cohomology sphere or complex projective
space. Applying Theorem 3.2, we find that M̃ is a cohomology sphere or complex
projective space as well. Finally, π1(M) is trivial or Z2 by Synge’s theorem, together
with the fact that π1(M15) ∼= π1(N 12) in the case where (k, n) = (3, 15).

Case 4: We now consider all the other possibilities and proceed by induction over n.
We claim that r −1 ≥ 1

2 (dim(N ) + 1)+δB(dim(N )), in which case, the induction
hypothesis applies to N , and we have that Part (1), (2), or (3) holds for N . In particular,
Ñ has the cohomology of a sphere or complex projective space, and the same holds
for M̃ by the Connectedness Lemma. In addition, π1(M) ∼= π1(N ) is trivial in the
latter case and cyclic in the former. By the Connectedness Lemma and the estimate
codim (N ) ≤ n+3

4 , the topology of M̃ follows.
To finish the proof, it suffices to prove the claim on the lower bound for r − 1. The

estimate is straightforward if k ≥ 4. If k = 3 and n is even, then the fact that r is an
integer implies r ≥ n

2 + 1 + δB(n), so the proof follows similarly. If k = 3 and n is
odd, the proof is similar unless δB(n−3) = 1. But this latter case does not occur since
otherwise (k, n) = (3, 15) and we are back in Case 3. Next if k ≤ 2, we may assume
k = 2 and n is even by Cases 1 and 2. Moreover we may assume n − 2 /∈ {4, 12} by
Case 3, so δB(n − 2) = 0 and the claim again follows. ��

6 Proof of Theorem C

The main result of this section is Theorem 6.1. It implies Theorem C for dimensions
n > 17, as we show in the remarks at the end of this section. For dimensions 15, 16,
and 17, Theorem C follows by Theorem 6.2, which we prove later in this section.

In the following,M ∼ N means thatπ1(M) ∼= π1(N ) and H∗(M̃; Z) ∼= H∗(Ñ ; Z).
Also recall that E
 and N j listed in Conclusions (2) and (3) of Theorem 6.1 are, if
they exist, closed, simply connected manifolds with cohomology given in Definition
3.7.

Theorem 6.1 Fix 0 ≤ j ≤ 4, and let Mn be a closed, positively curved manifold
admitting an effective, isometric action byZ

r
2 with fixed point x andwith rank satisfying

r ≥ j + 3 and r ≥ n + 3 + j

4
.

If F
m j
j is the fixed-point set component at x of a subgroup of Z

r
2 such that the induced

Z
r
2-action on F

m j
j has kernel of rank r − j , then one of the following holds:

(1) F
m j
j is homotopy equivalent to Sm j , RPm j , CP

m j
2 , or Sm j /Zq with q ≥ 3;

(2) j = 2, n = 4r − 5, and M ∼ S4r−5/�, (S3/�) × HPr−2, or N 4r−5
k /� for some

k ≥ 2, where � is a three-dimensional space form group �;

(3) j = 3, n = 4r − 6, and M ∼ E4r−6

 /
 for some 
 ≥ 0 or N 4r−6

k /
 for some
k ≥ 0, where 
 is either trivial or Z2; or
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(4) j = 4, n = 4r − 8, and M ∼ HPr−2.

We remark that unlike the proof of Theorem B, the proof of Theorem 6.1 does
not use induction over the dimension. We also remark that the examples HPr−2,
E4r−6
1 /Z2 = CP2r−3/Z2, and S4r−5/� for � ⊆ Sp(1) in the j = 4, j = 3, and

j = 2 cases, respectively, can be realized by positively curved manifolds with Z
r
2

symmetry satisfying the hypotheses of Theorem 6.1 (see Sect. 7). However, we do not
know if there are examples of the last type for other space form groups � or for the
other topological types shown in the j = 2 and j = 3 cases.

Proof of Theorem 6.1 Fix j ≤ 4 and F
m j
j as in the theorem. We are given that Fj is

the fixed-point set component at x of a subgroup Z
r− j
2 ⊆ Z

r
2 and admits an isometric

and effective Z
j
2 action that fixes x .

Note that Part (1) holds if m j < 3 by the classification of manifolds in these
dimensions and the Gauss–Bonnet theorem. Part (1) also holds if j = 3 and m3 = 3
or if j = 4 and m4 ≤ 6 by Theorem A or Theorem B, so we may assume that

⎧⎪⎨
⎪⎩
m j ≥ 3 if j ≤ 2

m j ≥ 4 if j = 3

m j ≥ 7 if j = 4.

(6.1.1)

Choose Z
r−( j+1)
2 ⊆ Z

r− j
2 such that the fixed-point set component F

m j+1
j+1 ⊆

MZ
r−( j+1)
2 containing x has the property that

k j = codim (Fj ⊆ Fj+1)

is positive and minimal. Note that Conclusion (1) holds if k j = 1 by the Codimension
One Lemma, if k j = 2 and m j is odd by Part (1) of the Codimension Two Lemma,
and if k j = 2 and m j = 4 by Theorem B, the Connectedness Lemma, and Theorem
3.4. Since m j+1 = m j + k j , we may assume that

⎧⎪⎨
⎪⎩
m j+1 ≥ 6 if j ≤ 2

m j+1 ≥ 7 if j = 3

m j+1 ≥ 10 if j = 4.

(6.1.2)

To complete the proof, we consider two cases according to the size of k j .

Case 1: 2 ≤ k j ≤ 3.

Choose Z
r−( j+2)
2 ⊆ Z

r−( j+1)
2 such that the fixed-point set component F

m j+2
j+2 ⊆

MZ
r−( j+2)
2 containing x has the property that

k j+1 = codim (Fj+1 ⊆ Fj+2)

is positive and minimal.
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ChooseZ
2
2 ⊆ Z

r
2 acting effectively on Fj+2 and fixing Fj . If the number of pairwise

inequivalent irreducible subrepresentations is two, then Observation 3.6 implies that
the inclusion Fj ⊆ Fj+1 ism j -connected.Applying either Part (2) of theCodimension
Two Lemma or Part (1) of the Codimension Three Lemma shows that Conclusion (1)
holds. We may assume therefore that this Z

2
2-representation has exactly three pairwise

inequivalent irreducible subrepresentations. Applying the Borel Formula, together
with the minimality of k j , we see that k j+1 ≥ 2k j .

Now, consider the isotropy representation ofZ
r−( j+1)
2 on the normal space to Fj+1,

and let q denote the number of pairwise inequivalent irreducible subrepresentations.
We claim that q = r − j − 1 and k j+1 ≤ 5. Indeed, if q ≥ r − j , then the Borel
Formula implies that

n − m j+1 ≥ k j+1q ≥ 2k j (r − j) ≥ 4

(
n + 3 − 3 j

4

)
,

which contradicts the lower bound on m j+1 in Display 6.1.2. Similarly, if k j+1 ≥ 6,
then the Borel Formula and the assumption r ≥ j + 3 imply

n − m j+1 ≥ k j+1q ≥ 4(r − j − 1) + 2(r − j − 1) ≥ (n − 1 − 3 j) + 2(2),

which again contradicts the lower bound on m j+1. Equipped with the facts that q =
r− j−1 and k j+1 ≤ 5, we are ready to complete the proof in Case 1. Note in particular
that the upper bound on k j+1 implies that k j = 2 and m j+1 ≥ 6 ≥ k j+1 + 1.

Consider the inclusion Fj+1 ⊆ Fj+2. By Observation 3.6, this inclusion is m j+1-
connected. Since m j+1 ≥ k j+1 + 1, the Periodicity Lemma implies that the universal

cover F̃j+2 is k j+1-periodic.
Suppose first thatm j+1 = k j+1+1. In particular, we havem j+1 = 6 and k j+1 = 5

by the lower bound onm j+1 and the upper bound on k j+1. In addition, we see that k j+1

divides dim(F̃j+2)− 1, so Lemma 7.1 of [34] implies that F̃j+2 is a cohomology S11.

The Connectedness Lemma then implies that F̃j+1 is a cohomology S6 and that F̃j is
a cohomology S4. Synge’s theorem and Theorem 3.4 then imply that Fj is homotopy
equivalent to S4 or RP4.

Suppose then that m j+1 ≥ k j+1 + 2. The Connectedness and Periodicity Lemmas

applied to the inclusion F̃j ⊆ F̃j+1 imply that the multiplication map

Hk j+1−k j (F̃j+1) → Hk j+1(F̃j+1)

is surjective. Together with the fact that the latter group is isomorphic to Hk j+1(F̃j+2)

by the Connectedness Lemma, we find that the element in H∗(F̃j+2) inducing k j+1-

periodicity factors as the product of elements of degree two and k j+1−2. Hence F̃j+2
has 2-periodic cohomology, which implies it is a cohomology sphere or complex
projective space.

Since its inclusion into F̃j+2 ism j+1-connected, F̃j+1 is also a cohomology sphere
or complex projective space. And since it has dimension m j ≥ 3 and codimension
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k j = 2 in F̃j+1, F̃j is similarly a cohomology sphere or complex projective space.

In particular, the inclusion F̃j ⊆ F̃j+1 is m j -connected and likewise for the inclusion
Fj ⊆ Fj+1, so Part (2) of the Codimension Two Lemma implies that Fj is homotopy
equivalent to a sphere, a real or complex projective space, or a lens space.

Case 2: k j ≥ 4.

We apply the Borel Formula to the Z
r− j
2 -representation on the normal space at

x ∈ Fj . By the minimality of k j , we have

codim (Fj ) ≥ k j (r − j) ≥ 4(r − j) ≥ n + 3 − 3 j . (6.1.3)

Suppose for a moment that k j ≥ 5 or that the number of pairwise inequivalent irre-
ducible subrepresentations is at least r − j +1. The inequality in Display (6.1.3) holds
with an additional r − j ≥ 3 or k j ≥ 4, respectively, added to the right-hand side,
so we can rearrange to conclude m j ≤ 3 j − 6. Considering the cases j ≤ 2, j = 3,
and j = 4 separately, we derive a contradiction to the inequalities in Display (6.1.1),
which means this case does not occur.

Wemay therefore assume that k j = 4 and that the isotropy representation at x ∈ Fj

has exactly r− j such subrepresentations. Applying Estimate 6.1.3 again, we note that
j �= 0 since m j = dim Fj is non-negative. Moreover we see j �= 1 since otherwise
Fj is both a point and has an effective Z2-action. Hence j ∈ {2, 3, 4}. We complete
the proof by considering the possibilities for j .

First, suppose that j = 2. By the inequalities in the Displays (6.1.1) and (6.1.3),
we have m2 = 3. Hence equality holds everywhere in the proof of Display (6.1.3), so
we see that the isotropy representation on the normal space to F3

2 takes the form

(ε1, . . . , εr−2) 
→ (ε1 I4, . . . , εr−2 I4),

where εi = ±1 for 1 ≤ i ≤ r − 2. The Connectedness Lemma and the Periodic-
ity Lemma imply that F̃4 has four-periodic cohomology, and the Codimension Four

Lemma implies that F̃4 has the cohomology of Sm4 , S3 × HP
m4−3

4 or Nm4
j as in the

statement of the Codimension Four Lemma. By the Connectedness Lemma, the same
conclusions hold for Fi for all i > 4 and in particular for M . Since in addition,
π1(M) ∼= π1(F3

2 ) by the Connectedness Lemma, we find that π1(M) is a three-
dimensional spherical space form group by the classification of positively curved
three-dimensional manifolds (see [17]), so Conclusion (2) holds.

Second, suppose that j = 3. By the inequalities in Displays (6.1.1) and (6.1.3),
we have 4 ≤ m3 ≤ 6. If m j = 4, then the inclusion F4

3 ⊆ F8
4 is 4-connected by

Observation 3.6, F8
4 is a cohomology S8, RP8, CP4, or HP2 by the Codimension Four

Lemma, F4
3 is a cohomology S4, RP4, or CP2 by the Connectedness Lemma, and

hence Conclusion (1) holds by Theorem 3.4. Similarly, if m j = 5, then Theorem 5.3

applies to the Z
j
2-action on Fj , and we again see that Conclusion (1) holds. Finally,

if m j = 6, then we have equality everywhere in the proof of Display (6.1.3), and we
can argue as in the j = 2 case with only slight modifications to find that Conclusion
(3) holds.
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Third, suppose that j = 4 and m4 ∈ {7, 9}. In the latter case, we have m5 = 13,
which is congruent to one modulo four, so the Codimension Four Lemma implies
Conclusion (1). Suppose then thatm4 = 7. Then F7

4 ⊆ F11
5 and by Part (2) of Lemma

1.5, we see that for the inducedZ
5
2 action on N

11 = F11
5 either there exists a non-trivial

ι1 ∈ Z
5
2 such that codim (N ι1

x ) ≤ 3, or there exist distinct, non-trivial τ1, τ2 ∈ Z
5
2 such

that N τ1
x and N τ2

x have codimension four and intersect non-transversely. In the first
case, we apply the Codimension One Lemma, the Codimension Two Lemma, or the
Codimension Three Lemma to conclude that N ι

x has cyclic fundamental group and
has a sphere as universal cover. The same then holds for F11

5 and F7
4 by Theorem 3.2,

so Conclusion (1) follows by Theorem 3.4. In the second case, we argue similarly to
see that π1(F7

4 ) is cyclic and that F̃11
5 is four-connected. We cannot prove that F̃11

5
is a sphere, but nevertheless we have enough to conclude that F̃7

4 is a sphere by the
Connectedness Lemma, so once again we have Conclusion (1).

Finally, we finish the proof when j = 4. By the inequalities in Displays (6.1.1)
and (6.1.3), together with the computations in the previous paragraph, we may assume
m4 = 8. The Codimension Four Lemma implies that either F4 is a homotopy S8,RP8,
or CP4 or that F4 is a cohomology HP2. In the first three cases, we have Conclusion
(1), so we may assume we are in the last case. The inclusion F4 ⊆ F5 is 8-connected
by Observation 3.6, so F5 is a cohomology HP3. Using again that r − j ≥ 3, we
obtain further that F6 is a cohomology HP4 by Part (2) of the Connectedness Lemma.
Finally, applying Theorem 3.2 to the inclusions Fi ⊆ Fi−1 implies that all of these
codimensions are four and that F̃i is a cohomology HPi−2 for all 4 ≤ i ≤ r . In
particular, Conclusion (4) holds. ��

Theorem 6.2 Let Mn be a closed, positively curved manifold, and assume Z
r
2 acts

effectively by isometries on M with fixed point x. Assume Fm4
4 is the fixed-point set

component at x of some subgroup of Z
r
2 such that the induced Z

r
2-action on Fm4

4 has
kernel of rank r − 4. If n ∈ {15, 16, 17} and r ≥ n+7

4 then one of the following holds:

(1) Fm4
4 is homotopy equivalent to Sm4 , RPm4 , CP

m4
2 , or Sm4/Zk with k ≥ 3.

(2) M ∼ HPr−2, with r − 2 = 4.

Proof First observe that r ≥ 6 for all values of n. Moreover, wemay assume thatm4 ≥
7, as the result holds by Theorem B for m4 ≤ 6. For simplicity, we pass to a subgroup
Z
6
2 ⊆ Z

r
2. We modify the proof of Theorem 6.1 slightly to cover the following two

cases: Case 1, where the isotropy representation of the kernel Z
2
2 ⊆ Z

6
2 of the induced

actionon F4 has three non-trivial, pairwise inequivalent irreducible subrepresentations,
and Case 2, where there are exactly two irreducible subrepresentations.

Case 1: The isotropy representation of the kernel Z
2
2 ⊆ Z

6
2 of the induced action

on F4 has three non-trivial, pairwise inequivalent irreducible subrepresentations. By
the Borel Formula,

10 ≥ n − m4 ≥ 3k4,

so we have k4 ≤ 3. Moreover, if k4 = 1 or if k4 = 2 andm4 is odd, then Part (1) holds
by the Codimension One Lemma or Part (1) of the Codimension Two Lemma. This
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leaves the following cases:

{
k4 = 2 and m4 ∈ {8, 10}; and

k4 = 3 and m4 ∈ {7, 8}.

In all four of these cases, Parts (1) and (2) of Lemma 1.5 implies the existence of
another fixed-point set component F ′

4 inside F5 as in Part (3) of the Codimension Two
Lemma when k4 = 2 or Part (2) of the Codimension Three Lemma when k4 = 3.
Hence F4 is a homotopy Sm4/Zl or CP

m4
2 , as required for Conclusion (1).

Case 2: The isotropy representation of Z
2
2 has exactly two irreducible subrepresen-

tations. By the Borel Formula F4 ⊆ F5 is an m4-connected inclusion. There are three
cases: k4 ≤ 3, k4 = 4 and k4 ≥ 5.

If k4 ≤ 3, the topology of F4 satisfies Part (1) by the Codimension One Lemma,
the Codimension Two Lemma, or the Codimension Three Lemma.

Next, suppose that k4 = 4. If m4 = 7, then the proof for Case 2 when m4 = 7 of
Theorem 6.1 gives us that Part (1) holds. By the Borel Formula, 17 ≥ n = m4+4+k′

4.
So, if m4 ≥ 9, then in fact m4 = 9, n = 17, and Part (1) follows by the Codimension
Four Lemma. Finally if m4 = 8 and Part (1) does not hold, then F4 is a cohomology
HP2 and F5 is a cohomology HP3. Since m6 ≤ n ≤ 17, it follows moreover that F6
is a cohomology HP4 by Theorem 3.2, F6 = M , and r = 6. Hence Part (2) holds.

To finish the proof, suppose k4 ≥ 5. Since 17 ≥ n ≥ m4+k4+k′
4, we have n = 17,

k4 = k′
4 = 5, and m4 = 7. Since the inclusion F7

4 ⊆ F12
5 is m4-connected, we can

now proceed exactly as in the proof of Part (1) of the Codimension Three Lemma
to show that F̃5 and F̃4 are cohomology spheres. In particular, F4 is a cohomology
sphere or a real projective space. Hence, once again Part (1) holds. ��

As mentioned earlier, Theorems 6.1 and Theorem 6.2 almost imply Theorem C
from the introduction, but some additional work is required.

Proof of Theorem C Let Mn and Z
r
2 be as in Theorem C. In particular, there is a fixed

point x , and r ≥ n+7
4 . We are also given a fixed-point set component Fm at x of some

corank four subgroup Z
r−4
2 ⊆ Z

r
2. Let Z

r− j
2 ⊇ Z

r−4
2 denote the kernel of the induced

Z
r
2 action on Fm , and define F

m j
j to be Fm .

If r ≤ j + 2, then the lower bounds on r and n imply that j ≥ n−1
4 > 3. Since

additionally j ≤ 4 by the choice of Z
r− j
2 , we have j = 4 and n ∈ {15, 16, 17}. Hence

the result holds by Theorem 6.2.
If r ≥ j + 3, then the assumptions of Theorem 6.1 hold. Moreover, Conclusions

(1) and (4) of Theorem 6.1 are exactly Conclusions (1) and (2) of Theorem C, so
it suffices to show that Conclusions (2) and (3) do not occur. This is the case, since
otherwise r = n+5

4 or r = n+6
4 , which contradicts the assumption r ≥ n+7

4 . ��
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Table 1 Examples with Z
r
2-fixed point symmetry

Example Sn , RPn CP
n
2 Sn/Z
 HP

n
4 CP

n
2 /Z2 Sn/� Sn/�p

r n n+2
2

n+1
2

n+8
4

n+6
4

n+5
4

n+1
2p

7 Examples

We conclude by exhibiting examples of Z2-torus actions on the spaces listed in Theo-
rems A, B, and C. The table below summarizes the results of the constructions in this
section. Observe that for each manifold in the first row, the value r in the second row
denotes the rank of a Z2-torus that acts effectively by isometries and has a fixed point.
The groupsZ
, �, and �p represent, respectively, a cyclic group of order at least three,
a non-cyclic subgroup of Sp(1), and a non-cyclic (2p − 1)-dimensional space form
group of Type I (see Sect. 7.2) (Table 1).

7.1 ThemaximalZ2-fixed point symmetry rank case

We may also think of this case in terms of Sn ⊆ R
n+1, on which O(n + 1) acts

isometrically. Note that any isotropy subgroup contains a Z2-torus of rank n fixing a
line in R

n+1 and hence a point in Sn or RPn , respectively.

Example 7.1 (Sn and RPn) Consider Sn ⊆ R
n+1 equipped with the standard O(n+1)

action. Let G ∼= Z
n
2 be a subgroup of {diag(±1,±1, . . . ,±1)} ∼= Z

n+1
2 ⊆ O(n + 1)

with a 1 replacing one of the ±1 diagonal entries. Then, up to a change of basis, G
acts on Sn fixing a point as follows:

diag(1,±1, . . . ,±1) · (x0, x1, . . . , xn) = (x0,±x1, . . . ,±xn).

This action commuteswith the antipodalmap on Sn and induces amaximal effective
Z
n
2-action on RPn with a fixed point.

7.2 The half-maximalZ2-fixed point symmetry rank case

Here, we think of this case in terms of S2m+1 ⊆ C
m+1 equipped with the standard

U(m + 1) � Z2 action, where the Z2-factor acts by complex conjugation. Note that
U(m + 1) � Z2 contains a maximal Z2-torus fixing a line in C

m+1 and hence a point
in S2m+1, CPm , or a lens space.

Example 7.2 (CPm and lens spaces) Consider S2m+1 ⊆ C
m+1 equipped with the

standard U(m +1)� Z2 action, where the Z2-factor acts by complex conjugation. Let
H ∼= Z

m
2 be a subgroup of {diag(±1,±1, . . . ,±1)} ∼= Z

m+1
2 ⊆ U(m + 1) with a 1

replacing one of the ±1 diagonal entries. Then, up to a change of basis, G ∼= H × Z2
acts on S2m+1 fixing a point as follows:

(diag(1,±1, . . . ,±1), ε) · (z1, z2, . . . , zm+1) = (zε1,±zε2, . . . ,±zεm+1),
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where ε ∈ {±1} so that zεi is either zi or z̄i .
This action commutes with the Hopf circle action on S2m+1 and with any cyclic

sub-action of odd order of the Hopf circle action. Thus it induces a maximal effective
Z
m+1
2 -action onCPm with a fixed point, as well as a maximal effectiveZ

m+1
2 -action on

a (2m + 1)-dimensional lens space with fundamental group of odd order with a fixed
point. For lens spaces of even order, instead we consider the action given by Z

m+1
2 ⊆

U(m+1) modulo a diagonal Z2. This action commutes with any cyclic action of even
order and induces a maximal effective Z

m
2 -action on a lens space with fundamental

group of even order with a fixed point. Together with complex conjugation, we find
the desired Z

m+1
2 -action once again.

Recall that the Type I spherical space forms, S2d−1/� have fundamental group for
which every Sylow subgroup is cyclic and � is defined as follows:

� ∼= 〈α, β|αa = βb = 1, βαβ−1 = αc〉,

for some a, b, c ≥ 1 such that gcd(a, b) = gcd(a, c − 1) = 1 and cb ≡ 1 mod a (see
[35]). To construct a free action of � on S2d−1 consider the representation � ⊆ U(d)

given by:

α 
→ diag
(
e2π i/a, e2π ic/a, . . . e2π ic

d−1/a
)

β 
→
(

0 I
e2π i/d 0

)
.

Suppose that m + 1 = rd for some integer r . Then we have an induced action of
� via the inclusion

� ⊆ U(d) ⊆ diag(U(d),U(d), . . . ,U(d)) ⊆ U(m + 1)

that commutes with G = diag(±Id ,±Id , . . . ,±Id) ∼= Z
r
2 given by the d-by-d block

embedding. Since we have treated the d = 1 case in Example 7.2, we now consider
the cases where d ≥ 2. Note in this case that complex conjugation is not available, so
the Z2-symmetry rank is one lower.

Example 7.3 (Non-cyclic Type I spherical space forms) Let H ∼= Z
r−1
2 be a subgroup

of G = {diag(±Id ,±Id , . . . ,±Id)} ⊆ U(m + 1), with Id replacing one of the ±Id
diagonal entries. Then the induced G-action on S2m+1 commutes with the �-action. If
� does not contain a Z2 subgroup, then G induces an action on S2dr−1/� with a fixed
point. As in the previous example, if there is a Z2 subgroup of �, then we consider a
Z2 quotient of G and again obtain a maximal, effective Z

r
2-action on S2dr−1/� with

a fixed point.

Remark 7.4 If d = 2 in this example, then � is a three-dimensional spherical space
formgroup andwe have aZ

r
2 actionwith a fixed point on S

4r−1/�, with r = dim(M)+1
4 .
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We see in the next set of examples that, for the subclass of groups � that are subgroups
of Sp(1), we can find a larger Z2-torus action with a fixed point.

Remark 7.5 If d is a prime in this example, and if no smaller prime divides r , then
S2dr−1/� equipped with the T r -action extending the given Z

r
2-action provides an

example of a positively curved manifold with non-cyclic fundamental group that has
symmetry rank larger than any other known examples of this type (see Example 4.8 in
[22]). Conjecturally, they formmodel spaces for the maximal symmetry rank problem
in the context of non-cyclic fundamental groups (see [22, 33]).

Further examples of fundamental groups of positively curved manifolds are con-
structed in [4, 16, 28], and further obstructions in the case of torus symmetry are
shown in [24]. It would be interesting to analyze these results withZ2-torus symmetry
in mind.

7.3 The quarter-maximalZ2-fixed point symmetry rank case

Here, we think of this case in terms of S4m+3 ⊂ H
m+1 for which Sp(m+1)×Z2 Sp(1)

acts as follows: Sp(m + 1) acts on H
m+1 by matrix multiplication, Sp(1) acts

on the right by scalar multiplication, and the normal Z2 subgroup generated by
(−Im+1,−1) ∈ Sp(m + 1) × Sp(1) acts trivially.

Example 7.6 (HPm, CP2m+1/Z2, and (4m + 3)-dimensional space forms) Let H ⊆
Sp(1) be a subgroup containing Q8 = {±1,±i,± j,±k}. Then H acts freely on the
right of S4m+3 via a restriction of the Hopf action. The quotient S4m+3/H then has
positive curvature and an effective, isometric action (on the left) by Sp(m + 1)/Z2.
Taking H to be a finite group �, the group 〈Q8, S1〉, or the group Sp(1), we get an
Sp(m + 1)/Z2 action on S4m+3/�, CP2m+1/Z2, or HPm , respectively.

Note that Sp(m + 1) contains a copy of Z
m+1
2 consisting of diagonal matrices with

±1 entries and a copy of Sp(1) ∼= {q Im+1 : q ∈ Sp(1)}. These subgroups commute
with each other, and the latter contains Q8. Projecting to Sp(m + 1)/Z2, we find
commuting subgroups of Z

m
2

∼= Z
m+1
2 /Z2 and Q8/Z2 ∼= Z

2
2, so indeed the three

examples in the previous paragraph admit isometric, effective actions by Z
m+2
2 .

This Z
m+2
2 -action fixes the point [1, 0, . . . , 0, 1] ∈ S4m+3/H by the condition that

H contains Q8. In addition, there are subgroups of corank two, three, or four, respec-
tively, whose fixed-point set components are S3/�, CP3/Z2, and HP2, respectively.

Appendix A Error correcting code bounds

In this appendix, we include a table with the error correcting codes needed for Lemma
1.4. All values in this table can be found at

http://www.codetables.de/BKLC/Tables.php?q=2&n0=1&n1=256&k0=1&k1=256,

noting that the references for these values are included at this link.
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Table 2 Minimum weights for error correcting codes for Part (1) of Lemma 1.4

n r = � n+1
2 � + δB (n) d = � n+3

4 � d(n, r) n r = � n+1
2 � + δB (n) d = � n+3

4 � d(n, r)

3 3 1 1 37 19 10 8

4 4 1 1 38 20 10 8

5 3 2 2 39 20 10 8–9

6 4 2 2 40 21 10 8–9

7 5 2 2 41 21 11 9–10

8 5 2 2 42 22 11 8–10

9 5 3 3 43 22 11 9–10

10 6 3 3 44 23 11 9–10

11 7 3 3 45 23 12 10

12 8 3 3 46 24 12 10

13 7 4 4 47 24 12 11

14 8 4 4 48 25 12 10–11

15 8 4 4 49 25 13 10–12

16 9 4 4 50 26 13 10–12

17 9 5 5 51 26 13 10–12

18 10 5 4 52 27 13 10–12

19 10 5 5 53 27 14 10–12

20 11 5 5 54 28 14 10–12

21 11 6 6 55 28 14 11–13

22 12 6 6 56 29 14 11-13

23 13 6 6 57 29 15 12–14

24 13 6 6 58 30 15 12–14

25 13 7 6 59 30 15 12–14

26 14 7 6 60 31 15 12–14

27 14 7 7 61 31 16 12–14

28 15 7 6 62 32 16 12–14

29 15 8 7 63 32 16 12–15

30 16 8 7 64 33 16 12–14

31 16 8 8 65 33 17 12–15

32 17 8 8 66 34 17 12–15

33 17 9 8 67 34 17 12–16

34 18 9 8 68 35 17 12–16

35 18 9 8 69 35 18 13–16

36 19 9 8 70 36 18 13–16

We recall that d(n, r) is the optimal upper bound of the minimumHamming weight
of the elements in the image of an injective, linear map Z

r
2 → Z

n
2, and that setting

B = {3, 4, 7, 11, 12, 23}, we define δB(n) to be 1 for n ∈ B and 0 otherwise (Table
2).
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